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We provide a brief review of recent progress in the study of mesons using QCD’s Dyson-
Schwinger equations. Along the way we touch on aspects of confinement and dynamical chiral
symmetry breaking but in the main focus upon: exact results for pseudoscalar mesons, in-
cluding aspects of the η-η′ problem; a realisation that the so-called vacuum condensates
are actually an intrinsic, localised property of hadrons; an essentially nonperturbative pro-
cedure for constructing a symmetry-preserving Bethe-Salpeter kernel, which has enabled a
demonstration that dressed-quarks possess momentum-dependent anomalous chromo- and
electromagnetic moments that are large at infrared momenta, and resolution of a longstand-
ing problem in understanding the mass-splitting between ρ- and a1-mesons such that they
are now readily seen to be parity partners in the meson spectrum; features of electromagnetic
form factors connected with charged and neutral pions; and computation and explanation of
valence-quark distribution functions in pseudoscalar mesons. We argue that in solving QCD,
a constructive feedback between theory and extant and forthcoming experiments will enable
constraints to be placed on the infrared behaviour of QCD’s β-function, the nonperturbative
quantity at the core of hadron physics.
PACS numbers: 12.38.Aw, 11.30.Rd, 12.38.Lg, 11.10.St, 13.40.-f, 14.40.Be, 24.85.+p
I. INTRODUCTION
A hundred years and more of fundamental research in atomic and nuclear physics
has shown that all matter is corpuscular, with the atoms that comprise us, themselves
containing a dense nuclear core. This core is composed of protons and neutrons, referred to
collectively as nucleons, which are members of a broader class of femtometre-scale particles,
called hadrons. In working toward an understanding of hadrons, we have discovered that
they are complicated bound-states of quarks and gluons. These quarks and gluons are
elementary, pointlike excitations, whose interactions are described by a Poincare´ invariant
quantum non-Abelian gauge field theory; namely, quantum chromodynamics (QCD). The
goal of hadron physics is the provision of a quantitative explanation of the properties of
hadrons through a solution of QCD.
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Quantum chromodynamics is the strong-interaction part of the Standard Model of
Particle Physics and solving QCD presents a fundamental problem that is unique in the
history of science. Never before have we been confronted by a theory whose elementary
excitations are not those degrees-of-freedom readily accessible via experiment; i.e., whose
elementary excitations are confined. Moreover, there are numerous reasons to believe that
QCD generates forces which are so strong that less-than 2% of a nucleon’s mass can be
attributed to the so-called current-quark masses that appear in QCD’s Lagrangian; viz.,
forces capable of generating mass from nothing, a phenomenon known as dynamical chiral
symmetry breaking (DCSB).
Neither confinement nor DCSB is apparent in QCD’s Lagrangian and yet they play
the dominant role in determining the observable characteristics of real-world QCD. The
physics of hadrons is ruled by emergent phenomena such as these, which can only be
elucidated through the use of nonperturbative methods in quantum field theory. This is
both the greatest novelty and the greatest challenge within the Standard Model. We must
find essentially new ways and means to explain precisely via mathematics the observable
content of QCD.
The complex of Dyson-Schwinger equations (DSEs) is a powerful tool, which has
been employed with marked success to study confinement and DCSB, and their impact on
hadron observables. This will be emphasised and exemplified in this concise review, which
describes selected recent progress in the study of mesons. It complements and extends
earlier and other efforts [1–10].
II. HADRON PHYSICS
The basic problem of hadron physics is to solve QCD. This inspiring goal will only be
achieved through a joint effort from experiment and theory because it is the feedback be-
tween them that leads most rapidly to improvements in understanding. The hadron physics
community now has a range of major facilities that are accumulating data, of unprecedented
accuracy and precision, which pose important challenges for theory. The opportunities for
researchers in hadron physics promise to expand with the use of extant accelerators, and
upgraded and new machines and detectors that will appear on a five-to-ten-year time-scale,
in China, Germany, Japan, Switzerland and the USA. A short list of facilities may readily
be compiled: Beijing’s electron-positron collider; in Germany – COSY (Ju¨lich Cooler Syn-
chrotron), ELSA (Bonn Electron Stretcher and Accelerator), MAMI (Mainz Microtron),
and FAIR (Facility for Antiproton and Ion Research) under construction near Darmstadt;
in Japan – J-PARC (Japan Proton Accelerator Research Complex) under construction
in Tokai-Mura, 150km NE of Tokyo, and KEK, Tsukuba; in Switzerland, the ALICE and
COMPASS detectors at CERN; and in the USA, both the Thomas Jefferson National Accel-
erator Facility (JLab), currently being upgraded, with new generation experiments expected
in 2016, and RHIC (Relativistic Heavy Ion Collider) at Brookhaven National Laboratory.
Asymptotic coloured states have not been observed, but is it a cardinal fact that
they cannot? No solution to QCD will be complete if it does not explain confinement.
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This means confinement in the real world, which contains quarks with light current-quark
masses. This is distinct from the artificial universe of pure-gauge QCD without dynamical
quarks, studies of which tend merely to focus on achieving an area law for a Wilson loop
and hence are irrelevant to the question of light-quark confinement.
In stepping toward an answer to the question of confinement, it will likely be necessary
to map out the long-range behaviour of the interaction between light-quarks; namely, QCD’s
β-function at infrared momenta. In this connection it is noteworthy that the spectrum of
meson and baryon excited states, and hadron elastic and transition form factors provide
unique information about the long-range interaction between light-quarks and, in addition,
the distribution of a hadron’s characterising properties – such as mass and momentum,
linear and angular – amongst its QCD constituents. The upgraded and promised future
facilities will provide data that should guide the charting process. However, to make full
use of that data, it will be necessary to have Poincare´ covariant theoretical tools that enable
the reliable study of hadrons in the mass range 1-2GeV. Crucially, on this domain both
confinement and DCSB are germane.
It is known that DCSB; namely, the generation of mass from nothing, does take place
in QCD. It arises primarily because a dense cloud of gluons comes to clothe a low-momentum
quark [11]. This is readily seen by solving the DSE for the dressed-quark propagator; i.e.,
the gap equation, which yields the result illustrated in Fig. 1. (In our Euclidean metric:
{γµ, γν} = 2δµν ; γ†µ = γµ; γ5 = γ4γ1γ2γ3, tr[γ4γµγνγργσ] = −4ǫµνρσ ; σµν = (i/2)[γµ, γν ];
a · b = ∑4i=1 aibi; and Pµ timelike ⇒ P 2 < 0. More information is available in App.A
of Ref. [5].) However, the origin of the interaction strength at infrared momenta, which
guarantees DCSB through the gap equation, is currently unknown. This relationship ties
confinement to DCSB. The reality of DCSB means the Higgs mechanism is largely irrelevant
to the bulk of normal matter in the Universe. Instead the most important mass generating
mechanism for light-quark hadrons is the strong interaction effect of DCSB; e.g., one may
identify it as being responsible for 98% of a proton’s mass [15, 16]. There is a caveat;
namely, as so often, the pion is exceptional. Its mass is given by the simple product of
two terms, one of which is the ratio of two order parameters for DCSB whilst the other is
determined by the current-quark mass (Sec. VV-1). Hence the pion would be massless in
the absence of a mechanism that can generate a current-mass for at least one light-quark.
The impact of a massless, strongly-interacting particle on the physics of the Universe would
be dramatic.
It is natural to ask whether the connection between confinement and DCSB is acci-
dental or causal. There are models with DCSB but not confinement, however, a model with
confinement but lacking DCSB has not yet been identified (see, e.g., Secs. 2.1 and 2.2 of
Ref. [7]). This leads to a conjecture that DCSB is a necessary consequence of confinement.
It is interesting that there are numerous models and theories which exhibit both confine-
ment and DCSB, and possess an external control parameter such that deconfinement and
chiral symmetry restoration occur simultaneously at some critical value of this parameter;
e.g., quantum electrodynamics in three dimensions with Nf electrons [17–19], and models
of QCD at nonzero temperature and chemical potential [20–28]. Whether this simultane-
ity is a property possessed by QCD, and/or some broader class of theories, in response to
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FIG. 1: Dressed-quark mass function, M(p) in Eq. (2): solid curves – DSE results, explained in
[12, 13], “data” – numerical simulations of lattice-QCD [14]. (NB. m = 70MeV is the uppermost
curve and current-quark mass decreases from top to bottom.) One observes the current-quark
of perturbative QCD evolving into a constituent-quark as its momentum becomes smaller. The
constituent-quark mass arises from a cloud of low-momentum gluons attaching themselves to the
current-quark. This is dynamical chiral symmetry breaking (DCSB): an essentially nonperturbative
effect that generates a quark mass from nothing; namely, it occurs even in the chiral limit. (Figure
adapted from Ref. [11].)
changes in: the number of light-quark flavours; temperature; or chemical potential, is a
longstanding question.
The momentum-dependence of the quark mass, illustrated in Fig. 1, is an essentially
quantum field theoretic effect, unrealisable in quantum mechanics, and a fundamental fea-
ture of QCD. This single curve connects the infrared and ultraviolet regimes of the theory,
and establishes that the constituent-quark and current-quark masses are simply two con-
nected points separated by a large momentum interval. The curve shows that QCD’s
dressed-quark behaves as a constituent-quark, a current-quark, or something in between,
depending on the momentum of the probe which explores the bound-state containing the
dressed-quark. It follows that calculations addressing momentum transfers Q2 ∼> M2,
where M is the mass of the hadron involved, require a Poincare´-covariant approach that
can veraciously realise quantum field theoretical effects [29]. Owing to the vector-exchange
character of QCD, covariance also guarantees the existence of nonzero quark orbital angular
momentum in a hadron’s rest-frame [8, 30–32].
The dressed-quark mass function has a remarkable capacity to correlate and to con-
tribute significantly in explaining a wide range of diverse phenomena. This brings urgency
to the need to understand the relationship between parton properties in the light-front
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frame, whose peculiar properties simplify some theoretical analyses, and the structure of
hadrons as measured in the rest frame or other smoothly related frames. This is a problem
because, e.g., DCSB, an established keystone of low-energy QCD, has not explicitly been
realised in the light-front formulation. The obstacle is the constraint k+ := k0 + k3 > 0
for massive quanta on the light front [33]. It is therefore impossible to make zero momen-
tum Fock states that contain particles and hence the vacuum is “trivial”. On the other
hand, it is conceivable that DCSB is inextricably tied with the formation and structure of
Goldstone modes and not otherwise a measurable property of the vacuum. This conjec-
ture is being explored [34–36] and is something about which more will be written herein
(Sec. VV-2). In addition, parton distribution functions, which have a probability interpre-
tation in the infinite momentum frame, must be calculated in order to comprehend their
content: parametrisation is insufficient. It would be very interesting to know, e.g., how, if
at all, the distribution functions of a Goldstone mode differ from those of other hadrons [9].
III. CONFINEMENT
It is worth stating plainly that the potential between infinitely-heavy quarks measured
in numerical simulations of quenched lattice-regularised QCD – the so-called static potential
– is simply irrelevant to the question of confinement in the real world, in which light
quarks are ubiquitous. In fact, it is a basic feature of QCD that light-particle creation and
annihilation effects are essentially nonperturbative and therefore it is impossible in principle
to compute a potential between two light quarks [37, 38].
Drawing on a long list of sources; e.g., Refs. [39–42], a perspective on confinement
was laid out in Ref. [43]. Confinement can be related to the analytic properties of QCD’s
Schwinger functions, which are often called Euclidean-space Green functions. For example,
it can be read from the reconstruction theorem [44, 45] that the only Schwinger func-
tions which can be associated with expectation values in the Hilbert space of observables;
namely, the set of measurable expectation values, are those that satisfy the axiom of re-
flection positivity. This is an extremely tight constraint. It can be shown to require as a
necessary condition that the Fourier transform of the momentum-space Schwinger function
is a positive-definite function of its arguments. This condition suggests a practical confine-
ment test, which can be used with numerical solutions of the DSEs (see, e.g., Sec. III.C
of Ref. [46] and Sec. IV of Ref. [47]). The implications and use of reflection positivity are
discussed and illustrated in Sec. 2 of Ref. [8].
It is noteworthy that any 2-point Schwinger function with an inflexion point at p2 > 0
must breach the axiom of reflection positivity, so that a violation of positivity can be de-
termined by inspection of the pointwise behaviour of the Schwinger function in momentum
space (Sec. IV.B of Ref. [17]).
Consider then ∆(k2), which is the single scalar function that describes the dressing
of a Landau-gauge gluon propagator. A large body of work has focused on exposing the
behaviour of ∆(k2) in the pure Yang-Mills sector of QCD. These studies are reviewed in
Ref. [48]. A connection with the expression and nature of confinement in the Yang-Mills
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FIG. 2: ∆(k2), the function that describes dressing of a Landau-gauge gluon propagator, plotted for
three distinct cases. A bare gluon is described by ∆(k2) = 1/k2 (the dashed line), which is plainly
convex on k2 ∈ (0,∞). Such a propagator has a representation in terms of a non-negative spectral
density. In some theories, interactions generate a mass in the transverse part of the gauge-boson
propagator, so that ∆(k2) = 1/(k2 +m2g), which can also be represented in terms of a non-negative
spectral density. In QCD, however, self-interactions generate a momentum-dependent mass for the
gluon, which is large at infrared momenta but vanishes in the ultraviolet [48]. This is illustrated by
the curve labelled “IR-massive but UV-massless.” With the generation of a mass-function, ∆(k2)
exhibits an inflexion point and hence cannot be expressed in terms of a non-negative spectral density.
sector is indicated in Fig. 2. The appearance of an inflexion point in the two-point function
generated by the gluon’s momentum-dependent mass-function is impossible to overlook.
Hence this gluon cannot appear in the Hilbert space of observable states. The inflexion
point possessed by M(p2), visible in Fig. 1, conveys the same properties on the dressed-
quark propagator.
Numerical simulations of lattice-QCD confirm the appearance of an inflexion point in
both the dressed-gluon and -quark propagators; e.g., see Fig. 1 and Ref. [48]. The signal is
clearest for the gluon owing to the greater simplicity of simulations in the pure Yang-Mills
sector [49–51]. We emphasise that this sense of confinement is essentially quantum field
theoretical in nature. Amongst its many consequences is that confinement in QCD cannot
veraciously be represented in potential models.
From the perspective that confinement can be related to the analytic properties of
QCD’s Schwinger functions, the question of light-quark confinement can be translated into
the challenge of charting the infrared behavior of QCD’s universal β-function. (Although
this function may depend on the scheme chosen to renormalise the theory, it is unique
within a given scheme [52]. Of course, the behaviour of the β-function on the perturbative
domain is well known.) This is a well-posed problem whose solution is an elemental goal of
modern hadron physics and which can be addressed in any framework enabling the nonper-
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turbative evaluation of renormalisation constants. It is the β-function that is responsible
for the behaviour evident in Figs. 1 and 2, and one of the more interesting of contemporary
questions is whether it is possible to reconstruct the β-function, or at least constrain it
tightly, given empirical information on the gluon and quark mass functions.
IV. GAP AND BETHE-SALPETER EQUATIONS
In order to proceed it is necessary to describe explicitly the best known and sim-
plest DSE. The Dyson or gap equation describes how quark propagation is influenced by
interactions; viz., for a quark of flavour f ,
Sf (p)
−1 = Z2 (iγ · p+mbmf ) + Z1
∫ Λ
q
g2Dµν(p− q)λ
a
2
γµSf (q)
λa
2
Γfν(q, p), (1)
where: Dµν is the gluon propagator; Γ
f
ν , the quark-gluon vertex;
∫ Λ
q
, a symbol that repre-
sents a Poincare´ invariant regularization of the four-dimensional Euclidean integral, with
Λ the regularization mass-scale; mbmf (Λ), the current-quark bare mass; and Z1,2(ζ
2,Λ2),
respectively, the vertex and quark wave function renormalisation constants, with ζ the
renormalisation point – dependence upon which is not usually made explicit.
The gap equation’s solution is the dressed-quark propagator,
S(p) =
1
iγ · pA(p2, ζ2) +B(p2, ζ2) =
Z(p2, ζ2)
iγ · p+M(p2) , (2)
which is obtained from Eq. (1) augmented by a renormalisation condition. A mass-
independent scheme is a useful choice and can be implemented by fixing all renormalisation
constants in the chiral limit. (See, e.g., Ref. [53] and references therein; or Ref. [54] for a
detailed discussion of renormalisation.)
The mass function, M(p2) = B(p2, ζ2)/A(p2, ζ2), is independent of the renormalisa-
tion point, ζ; and the renormalised current-quark mass,
mζf = Zm(ζ,Λ)m
bm(Λ) = Z−14 Z2m
bm
f , (3)
wherein Z4 is the renormalisation constant associated with the Lagrangian’s mass-term.
Like the running coupling constant, this “running mass” is familiar from textbooks. How-
ever, it is not commonly appreciated that mζ is simply the dressed-quark mass function
evaluated at one particular deep spacelike point; viz,
mζf =Mf (ζ
2) . (4)
The renormalisation-group invariant current-quark mass may be inferred via
mˆf = lim
p2→∞
[
1
2
ln
p2
Λ2QCD
]γm
Mf (p
2) , (5)
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where γm = 12/(33 − 2Nf ): Nf is the number of quark flavours employed in computing
the running coupling; and ΛQCD is QCD’s dynamically-generated renormalisation-group-
invariant mass-scale. The chiral limit is expressed by
mˆf = 0 . (6)
Moreover,
∀ζ ≫ ΛQCD,
mζf1
mζf2
=
mˆf1
mˆf2
. (7)
However, we would like to emphasise that in the presence of DCSB the ratiomζ=p
2
f1
/mζ=p
2
f2
=
Mf1(p
2)/Mf2(p
2) is not independent of p2: in the infrared; i.e., ∀p2 . Λ2QCD, it then
expresses a ratio of constituent-like quark masses, which, for light quarks, are two orders-
of-magnitude larger than their current-masses and nonlinearly related to them [15, 16].
The gap equation illustrates the features and flaws of each DSE. It is a nonlinear
integral equation for the dressed-quark propagator and hence can yield much-needed non-
perturbative information. However, the kernel involves the two-point function Dµν and
the three-point function Γfν . The gap equation is therefore coupled to the DSEs satis-
fied by these functions, which in turn involve higher n-point functions. Hence the DSEs
are a tower of coupled integral equations, with a tractable problem obtained only once a
truncation scheme is specified. It is unsurprising that the best known truncation scheme
is the weak coupling expansion, which reproduces every diagram in perturbation theory.
This scheme is systematic and valuable in the analysis of large momentum transfer phe-
nomena because QCD is asymptotically free but it precludes any possibility of obtaining
nonperturbative information.
Given the importance of DCSB in QCD, it is significant that the dressed-quark propa-
gator features in the axial-vector Ward-Takahashi identity, which expresses chiral symmetry
and its breaking pattern:
PµΓ
fg
5µ(k;P ) + i [mf (ζ) +mg(ζ)] Γ
fg
5 (k;P ) = S
−1
f (k+)iγ5 + iγ5S
−1
g (k−) , (8)
where P = p1 + p2 is the total-momentum entering the vertex and k is the relative-
momentum between the amputated quark legs. To be explicit, k = (1 − η)p1 + ηp2, with
η ∈ [0, 1], and hence k+ = p1 = k + ηP , k− = p2 = k − (1 − η)P . In a Poincare´ covariant
approach, such as presented by a proper use of DSEs, no observable can depend on η; i.e.,
the definition of the relative momentum. NB. Sec. VV-3 discusses the important differences
encountered in treating flavourless pseudoscalar mesons.
In Eq. (8), Γfg5µ and Γ
fg
5 are, respectively, the amputated axial-vector and pseudoscalar
vertices. They are both obtained from an inhomogeneous Bethe-Salpeter equation (BSE),
which is exemplified here using a textbook expression [55]:
[Γ5µ(k;P )]tu = Z2[γ5γµ]tu +
∫ Λ
q
[S(q+)Γ5µ(q;P )S(q−)]srK
rs
tu (q, k;P ), (9)
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in whichK is the fully-amputated quark-antiquark scattering kernel, and the colour-, Dirac-
and flavour-matrix structure of the elements in the equation is denoted by the indices
r, s, t, u. NB. By definition, K does not contain quark-antiquark to single gauge-boson
annihilation diagrams, nor diagrams that become disconnected by cutting one quark and
one antiquark line.
The Ward-Takahashi identity, Eq. (8), entails that an intimate relation exists between
the kernel in the gap equation and that in the BSE. (This is another example of the coupling
between DSEs.) Therefore an understanding of chiral symmetry and its dynamical breaking
can only be obtained with a truncation scheme that preserves this relation, and hence
guarantees Eq. (8) without a fine-tuning of model-dependent parameters.
V. NONPERTURBATIVE TRUNCATION
Through the gap and Bethe-Salpeter equations the pointwise behaviour of the β-
function determines the pattern of chiral symmetry breaking; e.g., the behaviour in Fig. 1.
Moreover, the fact that these and other DSEs connect the β-function to experimental
observables entails that comparison between computations and observations of the hadron
mass spectrum, and hadron elastic and transition form factors, can be used to constrain
the β-function’s long-range behaviour.
In order to realise this goal, a nonperturbative symmetry-preserving DSE truncation
is necessary. Steady quantitative progress can be made with a scheme that is systematically
improvable [56, 57]. In fact, the mere existence of such a scheme has enabled the proof of
exact nonperturbative results in QCD.
Before describing a number of these in some detail, it is worth explicating the range
of applications. For example, there are: veracious statements about the pion σ-term [15];
radially-excited and hybrid pseudoscalar mesons [58, 59]; heavy-light [60] and heavy-heavy
mesons [30]; novel results for the pion susceptibility obtained via analysis of the isovector-
pseudoscalar vacuum polarisation [61], which bear upon the essential content of the so-called
“Mexican hat” potential that is used in building models for QCD; and a derivation [62] of
the Weinberg sum rule [63].
V-1. Pseudoscalar meson mass formula
Turning now to a fuller illustration, the first of the results was introduced in Ref. [64];
namely, a mass formula that is exact for flavour non-diagonal pseudoscalar mesons:
fH
0−
m2H
0−
= (mζf1 +m
ζ
f2
)ρζH
0−
, (10)
where: mζfi are the current-masses of the quarks constituting the meson; and
fH
0−
Pµ = 〈0|q¯f2γ5γµqf1 |H0−〉 = Z2 trCD
∫ Λ
q
iγ5γµSf1(q+)ΓH0− (q;P )Sf2(q−) , (11)
iρH
0−
= −〈0|q¯f2iγ5qf1 |H0−〉 = Z4 trCD
∫ Λ
q
γ5Sf1(q+)ΓH0− (q;P )Sf2(q−) , (12)
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where ΓH
0−
is the pseudoscalar meson’s bound-state Bethe-Salpeter amplitude:
ΓH
0−
(k;P ) = γ5
[
iEH
0−
(k;P ) + γ · PFH
0−
(k;P )
+γ · k GH
0−
(k;P ) − σµνkµPνHH
0−
(k;P )
]
, (13)
which is determined from the associated homogeneous BSE.
It is worth emphasising that the quark wavefunction and Lagrangian mass renormal-
isation constants, Z2,4(ζ,Λ), respectively, depend on the gauge parameter in precisely the
manner needed to ensure that the right-hand sides of Eqs. (11), (12) are gauge-invariant.
Moreover, Z2(ζ,Λ) ensures that the right-hand side of Eq. (11) is independent of both ζ
and Λ, so that fH
0−
is truly an observable; and Z4(ζ,Λ) ensures that ρ
ζ
H
0−
is independent
of Λ and evolves with ζ in just the way necessary to guarantee that the product mζρζH
0−
is
renormalisation-point-independent. In addition, it should be noted that Eq. (10) is valid for
every pseudoscalar meson and for any value of the current-quark masses; viz., mˆfi ∈ [0,∞),
i = 1, 2. This includes arbitrarily large values and also the chiral limit, in whose neigh-
bourhood Eq. (10) can be shown [64] to reproduce the familiar Gell-Mann–Oakes–Renner
relation.
The axial-vector Ward-Takahashi identity, Eq. (8), is a crucial bridge to Eqs. (10) –
(12); and on the way one can also prove the following Goldberger-Treiman-like relations
[64]:
f0H
0−
EH
0−
(k; 0) = B0(k2) , (14)
FR(k; 0) + 2f
0
H
0−
FH
0−
(k; 0) = A0(k2) , (15)
GR(k; 0) + 2f
0
H
0−
GH
0−
(k; 0) =
d
dk2
A0(k2) , (16)
HR(k; 0) + 2f
0
H
0−
HH
0−
(k; 0) = 0 , (17)
wherein the superscript indicates that the associated quantity is evaluated in the chiral
limit, and FR, GR, HR are analogues in the inhomogeneous axial-vector vertex of the scalar
functions in the H0−-meson’s Bethe-Salpeter amplitude.
These identities are of critical importance in QCD. The first, Eq. (14), can be used to
prove that a massless pseudoscalar meson appears in the chiral-limit spectrum if, and only
if, chiral symmetry is dynamically broken. Moreover, it exposes the fascinating consequence
that the solution of the two-body pseudoscalar bound-state problem is almost completely
known once the one-body problem is solved for the dressed-quark propagator, with the
relative momentum within the bound-state identified unambiguously with the momentum
of the dressed-quark. This latter emphasises that Goldstone’s theorem has a pointwise
expression in QCD. The remaining three identities are also important because they show
that a pseudoscalar meson must contain components of pseudovector origin. This result
overturned a misapprehension of twenty-years standing; namely, that only EH
0−
(k; 0) is
nonzero [65]. These pseudovector components materially influence the observable properties
of pseudoscalar mesons [66, 68–71], as do their analogues in other mesons [72–74].
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FIG. 3: Lattice-QCD results for the ratio of the decay constants for the first-excited- and ground-
state pseudoscalar mesons as a function of the pion mass squared. (Lattice parameters: volume=
163×32; β = 5.2, spacing a ≃ 0.1 fm, two flavours of degenerate sea quarks; Wilson gauge action and
clover fermions.) The “not improved” results were obtained from a fermion action with poor chiral
symmetry properties. In this case |fpi1/fpi0 | ≈ 0.4, consistent with expectations based on quantum
mechanics. The “improved” results were obtained through implementation of the full ALPHA
method for the nonperturbative improvement of the fermion action, which greatly improves the
simulation’s chiral symmetry properties. In this case, |fpi1/fpi0 | ≈ 0.01. (NB. The sign of the ratio
was not determined in the simulation but is discussed in Ref. [77]. Figure adapted from Ref. [78].)
It is natural to reiterate here a prediction for the properties of non-ground-state
pseudoscalar mesons, which follows from the exact results described above; namely, in the
chiral limit [58, 59]
fpin ≡ 0 ,∀n ≥ 1 . (18)
This is the statement that Goldstone modes are the only pseudoscalar mesons to possess
a nonzero leptonic decay constant in the chiral limit when chiral symmetry is dynamically
broken. The decay constants of all other pseudoscalar mesons on this trajectory, e.g., radial
excitations, vanish. On the other hand, in the absence of DCSB the leptonic decay constant
of each such pseudoscalar meson vanishes in the chiral limit; i.e, Eq. (18) is true ∀n ≥ 0.
From the perspective of quantum mechanics, Eq. (18) is a surprising fact. The lep-
tonic decay constant for S-wave states is typically proportional to the wave function at the
origin. Compared with the ground state, this is smaller for an excited state because the wave
function is broader in configuration space and wave functions are normalised. However, it
is a modest effect; e.g., consider the e+e− decay of vector mesons, for which a calculation
in relativistic quantum mechanics based on light-front dynamics [75] yields |fρ1/fρ0 | = 0.5,
consistent with the value inferred from experiment. Thus, it is not uncommon for Eq. (18)
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to be perceived as “remarkable” or “unbelievable.” Notwithstanding this, in connection
with the pion’s first radial excitation, the value of fpi1 = −2MeV predicted in Ref. [58] is
consistent with experiment [76] and simulations of lattice-QCD [78], as illustrated in Fig. 3.
It is now recognised that the suppression of fpi1 is a useful benchmark, which can be used
to tune and validate lattice QCD techniques that try to determine the properties of excited
states mesons.
V-2. In-hadron condensates
For the last thirty years, condensates; i.e., nonzero vacuum expectation values of local
operators, have been used as parameters in order to correlate and estimate essentially non-
perturbative strong-interaction matrix elements [79]. They are also basic to current algebra
analyses. It is conventionally held that such quark and gluon condensates have a physical
existence, which is independent of the hadrons that express QCD’s asymptotically realis-
able degrees-of-freedom; namely, that these condensates are not merely mass-dimensioned
parameters in a theoretical truncation scheme, but in fact describe measurable spacetime-
independent configurations of QCD’s elementary degrees-of-freedom in a hadronless ground
state. Owing to confinement, however, this view is erroneous [34].
One may readily recapitulate upon the argument. To begin, note that Eq. (11) is the
exact expression in QCD for the leptonic decay constant of a pseudoscalar meson. It is
a property of the pion and, as consideration of the integral expression reveals, it can be
described as the pseudovector projection of the pion’s Bethe-Salpeter wavefunction onto
the origin in configuration space. Note that the product ψ = SΓS is called the Bethe-
Salpeter wavefunction because, when a nonrelativistic limit can validly be performed, the
quantity ψ at fixed time becomes the quantum mechanical wavefunction for the system
under consideration. (NB. In the neighborhood of the chiral limit, a value for fH
0−
can be
estimated via either of two approximation formulae [80–82]. These formulae both illustrate
and emphasize the role of fH
0−
as an order parameter for DCSB.)
If chiral symmetry were not dynamically broken, then in the neighborhood of the
chiral limit fH
0−
∝ mˆ [58]. Of course, chiral symmetry is dynamically broken in QCD
[12–14] and for the ground-state pseudoscalar
lim
mˆ→0
fH
0−
(mˆ) = f0H
0−
6= 0 . (19)
Taken together, these last two observations express the fact that fH
0−
, which is an intrinsic
property of the pseudoscalar meson, is a bona fide order parameter for DCSB. An analysis
within chiral perturbation theory [83] suggests that the chiral limit value, f0H
0−
, is ∼ 5%
below the measured value of 92.4MeV; and efficacious DSE studies give a 3% chiral-limit
reduction [84].
Now, Eq. (12) is kindred to Eq. (11); it is the expression in quantum field theory
which describes the pseudoscalar projection of the pseudoscalar meson’s Bethe-Salpeter
wavefunction onto the origin in configuration space. It is thus truly just another type of
pseudoscalar meson decay constant.
In this connection it is therefore notable that one may rigorously define an “in-meson”
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condensate; viz. [64, 84]:
−〈q¯f2qf1〉ζH
0−
≡ −fH
0−
〈0|qf2γ5qf1 |H0−〉 = fH0−ρ
ζ
H
0−
=: κζH
0−
(mˆ) . (20)
Now, using Eq. (14), one finds [64]
lim
mˆ→0
κζH
0−
(mˆ) = Z4 trCD
∫ Λ
d4q
(2pi)4
S0(q; ζ) = −〈q¯q〉0ζ . (21)
Hence the so-called vacuum quark condensate is, in fact, the chiral-limit value of the in-
meson condensate; i.e., it describes a property of the chiral-limit pseudoscalar meson. One
can therefore argue that this condensate is no more a property of the “vacuum” than the
pseudoscalar meson’s chiral-limit leptonic decay constant. Moreover, Ref. [85] establishes
the equivalence of all three definitions of the so-called vacuum quark condensate: a constant
in the operator product expansion [86, 87]; via the Banks-Casher formula [88]; and the
trace of the chiral-limit dressed-quark propagator. (NB. In the presence of confinement it is
impossible to write a valid nonperturbative definition of a single quark or gluon annihilation
operator and therefore impossible to rigorously define a second quantised vacuum for QCD.
To do so would be to answer the question: What is the state that is annihilated by an
operator which is unknowable?)
The chiral-limit vacuum quark condensate is therefore qualitatively equivalent to the
pseudoscalar-meson leptonic decay constant in the sense that both are obtained as the
chiral-limit value of well-defined gauge-invariant hadron-to-vacuum transition amplitudes
that possess a spectral representation in terms of the current-quark-mass. Thus, whereas it
might sometimes be convenient to imagine otherwise, neither is essentially a constant mass-
scale that fills all spacetime. Hence, in particular, the quark condensate can be understood
as a property of hadrons themselves – a perspective also advocated in Ref. [89] and now
established for all hadrons [36] – which is expressed, for example, in their Bethe-Salpeter
or light-front wave functions. In the latter instance, the light-front-instantaneous quark
propagator appears to play a crucial role [34, 90].
This has enormous implications for the cosmological constant. The universe is ex-
panding at an ever-increasing rate and theoretical physics has tried to explain this in terms
of the energy of quantum processes in vacuum; viz., condensates carry energy and so, if they
exist, must contribute to the universe’s dark energy, which is expressed in the computed
value of the cosmological constant. The problem is that hitherto all potential sources of
this so-called vacuum energy give magnitudes that far exceed the value of the cosmological
constant that is empirically determined. This has been described as “the biggest embar-
rassment in theoretical physics” [91]. However, given that, in the presence of confinement,
condensates do not leak from within hadrons, then there are no space-time-independent
condensates permeating the universe [34, 36]. This nullifies completely their contribution
to the cosmological constant and reduces the mismatch between theory and observation by
a factor of 1046 [35], and possibly by far more, if technicolour-like theories are the correct
paradigm for extending the Standard Model.
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FIG. 4: This simple flavour-mixing diagram is immaterial to the resolution of the η-η′ conundrum,
as is any collection of processes for which the figure may serve as a skeleton diagram. (Straight lines
denote quarks and springs denote gluons.)
V-3. Flavourless pseudoscalar mesons
In connection with electric-charge-neutral pseudoscalar mesons, Eq. (10) is strongly
modified owing to the non-Abelian anomaly. This entails that whilst the classical action as-
sociated with QCD is invariant under UA(Nf ) (non-Abelian axial transformations generated
by λ0γ5, where λ0 ∝ diag[1, . . . , 1Nf ]), the quantum field theory is not. The modification
is particularly important to properties of η and η′ mesons. The latter is obviously a pecu-
liar pseudoscalar meson because its mass is far greater than that of any other light-quark
pseudoscalar meson; e.g., mη′ = 1.75mη . We note that the diagram depicted in Fig. 4 is
often cited as central to a solution of the η-η′ puzzle. However, as will become clear below,
whilst it does contribute to flavour-mixing, the process is immaterial in resolving the η-η′
conundrum.
The correct mass formula for flavourless pseudoscalars follows from consideration of
the complete UA(Nf ) Ward-Takahashi identity:
PµΓ
a
5µ(k;P ) = S−1(k+)iγ5Fa + iγ5FaS−1(k−)− 2iMabΓb5(k;P ) −Aa(k;P ) , (22)
which generalises Eq. (8). In Eq. (22), {Fa| a = 0, . . . , N2f−1} are the generators of U(Nf ) in
the fundamental representation, orthonormalised according to trFaFb = 12δab; the dressed-
quark propagator S =diag[Su, Sd, Ss, Sc, Sb, . . .] is matrix-valued; and
Mab = trF
[
{Fa,Mζ}Fb
]
, (23)
where Mζ is a matrix of renormalised current-quark masses and the trace is over flavour
indices.
The final term in the last line of Eq. (22) expresses the non-Abelian axial anomaly.
It can be written
Aa(k;P ) = S−1(k+) δa0AU (k;P )S−1(k−) , (24)
AU(k;P ) =
∫
d4xd4y ei(k+·x−k−·y)Nf
〈F0 q(x)Q(0) q¯(y)〉 , (25)
and since Aa=0(k;P ) is a pseudoscalar, it has the general form
A0(k;P ) = F0γ5 [iEA(k;P )
+γ · PFA(k;P ) + γ · k k · PGA(k;P ) + σµνkµPνHA(k;P )] . (26)
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The matrix element in Eq. (25) represents an operator expectation value in full QCD; the
operation in Eq. (24) amputates the external quark lines; and
Q(x) = iαs
4π
trC [ǫµνρσFµνFρσ(x)] = ∂µKµ(x) (27)
is the topological charge density operator, where the trace is over colour indices and Fµν =
1
2λ
aF aµν is the matrix-valued gluon field strength tensor. It is plain and important that
only Aa=0 is nonzero. NB. While Q(x) is gauge invariant, the associated Chern-Simons
current, Kµ, is not. Thus in QCD no physical state can couple to Kµ and hence no state
which appears in the observable spectrum can contribute to a resolution of the so-called
UA(1)-problem; i.e., physical states cannot play any role in ensuring that the η
′ is not a
Goldstone mode.
As described in Sec. VV-1, if one imagines there are Nf massless quarks, then DCSB
is a necessary and sufficient condition for the a 6= 0 components of Eq. (22) to guarantee
the existence of N2f − 1 massless bound-states of a dressed-quark and -antiquark. However,
owing to Eq. (24), a = 0 in Eq. (22) requires special consideration. One case is easily
covered; viz., it is clear that if A0 ≡ 0, then the a = 0 component of Eq. (22) is no different
to the others and there is an additional massless bound-state in the chiral limit.
On the other hand, the large disparity between the mass of the η′-meson and the
octet pseudoscalars suggests that A0 6= 0 in real-world QCD. If one carefully considers that
possibility, then the Goldberger-Treiman relations in Eqs. (14) – (17) become [92]
2f0H
0−
EBS(k; 0) = 2B
0(k2)− EA(k; 0), (28)
F 0R(k; 0) + 2f
0
H
0−
FBS(k; 0) = A
0(k2)−FA(k; 0), (29)
G0R(k; 0) + 2f
0
H
0−
GBS(k; 0) = 2
d
dk2
A0(k2)− GA(k; 0), (30)
H0R(k; 0) + 2f
0
H
0−
HBS(k; 0) = −HA(k; 0), (31)
It follows that the relationship
EA(k; 0) = 2B0(k2) , (32)
is necessary and sufficient to guarantee that Γ05µ(k;P ), the flavourless pseudoscalar vertex,
does not possess a massless pole in the chiral limit; i.e., that there are only N2f −1 massless
Goldstone bosons. Now, in the chiral limit, B0(k2) 6= 0 if, and only if, chiral symmetry
is dynamically broken. Hence, the absence of an additional massless bound-state is only
assured through the existence of an intimate connection between DCSB and an expectation
value involving the topological charge density.
This critical connection is further highlighted by the following result, obtained
through a few straightforward manipulations of Eqs. (22), (24) and (25):
〈q¯q〉0ζ = − lim
mˆ→0
κζH
0−
(mˆ) = − lim
Λ→∞
Z4(ζ
2,Λ2) trCD
∫ Λ
q
S0(q, ζ) (33)
=
Nf
2
∫
d4x 〈q¯(x)iγ5q(x)Q(0)〉0. (34)
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The absence of a Goldstone boson in the a = 0 channel is only guaranteed if this explicit
identity between the chiral-limit in-meson condensate and a mixed vacuum polarisation
involving the topological charge density is satisfied.
Mass formulae valid for all pseudoscalar mesons have also been obtained [92]
faH
0−
m2H
0−
= 2MabρbH
0−
+ δa0 nH
0−
, (35)
where
faH
0−
Pµ = Z2 tr
∫ Λ
q
Faγ5γµ χH
0−
(q;P ) , (36)
iρaH
0−
(ζ) = Z4 tr
∫ Λ
q
Faγ5 χH
0−
(q;P ) , (37)
nH
0−
=
√
Nf
2
νH
0−
, νH
0−
= 〈0|Q|H0−〉 . (38)
For charged pseudoscalar mesons, Eq. (35) is equivalent to Eq. (10), but the novelty of
Eq. (35) is what it expresses for flavourless pseudoscalars. To illustrate, consider the case
of a U(Nf = 3)-symmetric mass matrix, in which all Nf = 3 current-quark masses assume
the single value mζ , then this formula yields:
m2η′f
0
η′ = nη′ + 2m
ζρ0ζη′ . (39)
Plainly, the η′ is split from the Goldstone modes so long as nη′ 6= 0. Numerical simulations
of lattice-QCD have confirmed this identity [93, 94].
It is important to elucidate the physical content of nη′ . Returning to the definition:
νη′ =
√
3
2
〈0|Q|η′〉 , (40)
it is readily seen to be another type of in-meson condensate. It is analogous to those
discussed in Sec. VV-2 but in this case the hadron-to-vacuum transition amplitude measures
the topological content of the η′. One may therefore state that the η′ is split from the
Goldstone modes so long as its wavefunction possesses nonzero topological content. This is
plainly very different to requiring that the QCD vacuum is topologically nontrivial.
Within QCD the properties of the η′ can be computed via the BSE, just like other
mesons. A nonzero value of nη′ can be achieved with a Bethe-Salpeter kernel that contains
the contribution depicted in Fig. 5 because one may argue from Eqs. (25) and (27) that an
anomaly-related contribution to a meson’s Bethe-Salpeter kernel cannot contain external
quark or antiquark lines that are connected to the incoming lines: purely gluonic configu-
rations must mediate, as illustrated in Fig. 5. Furthermore, it is straightforward to see that
no finite sum of gluon exchanges can serve this purpose. Indeed, consider any one such
single contribution in the chiral limit. It will be proportional to the total momentum and
hence vanish for P = 0, in conflict with Eq. (39). This lies behind the need for something
like the Kogut-Susskind ghost ; i.e., the coupling of a massless axial-vector gauge-like field to
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KA ∼
f1 f2
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IS
e.g. IS =
f1 f2
FIG. 5: An illustration of the nature of the contribution to the Bethe-Salpeter kernel associated
with the non-Abelian anomaly. All terms have the “hairpin” structure illustrated in the lower panel.
No finite sum of such intermediate states is sufficient. (Straight lines denote quarks, with f1 and f2
independent, and springs denote gluons.) (Figure adapted from Ref. [92].)
the Chern-Simons current, which does not appear in the particle spectrum of QCD because
the current is not gauge invariant. (See Ref. [95] and Sec. 5.1 of Ref. [96].)
It is argued [97, 98] that in QCD with Nc colours,
nη′ ∼ 1√
Nc
, (41)
and it can be seen to follow from the gap equation, the homogeneous BSE and Eqs. (36),
(37) that
f0η′ ∼
√
Nc ∼ ρ0η′(ζ) . (42)
One thus obtains
m2η′ =
nη′
f0η′
+ 2m(ζ)
ρ0η′(ζ)
f0η′
. (43)
The first term vanishes in the limit Nc →∞ while the second remains finite. Subsequently
taking the chiral limit, the η′ mass approaches zero in the manner characteristic of all
Goldstone modes. (NB. One must take the limit Nc → ∞ before the chiral limit because
the procedures do not commute [99].) These results are realised in the effective Lagrangian
of Ref. [100] in a fashion that is consistent with all the constraints of the anomalous Ward
identity. NB. This is not true of the so-called ’tHooft determinant [96, 101, 102].
Implications of the mass formula in Eq. (35) were exemplified in Ref. [92] using an ele-
mentary dynamical model that includes a one-parameter Ansatz for that part of the Bethe-
Salpeter kernel related to the non-Abelian anomaly, an illustration of which is provided in
Fig. 5. The study compares ground-state pseudoscalar- and vector-mesons constituted from
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all known quarks, excluding the t-quark. Amongst the notable results is a prediction for
the mixing angles between neutral mesons; e.g.,
θη = −15.4◦ , θη′ = −15.7◦ . (44)
NB. There are necessarily two mixing angles, with each determined at the appropriate pole
position in the inhomogeneous vertex. It is interesting that the angles are approximately
equal and compare well with the value inferred from a single mixing angle analysis [103]
θ = −13.3◦ ± 1.0◦.
It is worth explicating the nature of the flavour-induced difference between the π0
and π± masses. If one ignores mixing with mesons containing other than u, d-quarks; viz.,
works solely within SU(Nf = 2), then mpi0 −mpi+ = −0.04MeV. On the other hand, the
full calculation yields mpi0 −mpi+ = −0.4MeV, a factor of ten greater, and one obtains a
π0-η mixing angle, whose value at the neutral pion mass shell is
θpiη(m
2
pi0) = 1.2
◦. (45)
For comparison, Ref. [104] infers a mixing angle of 0.6◦ ± 0.3◦ from a K-matrix analysis
of the process p d → 3Heπ0. Plainly, mixing with the η-meson is the dominant non-
electromagnetic contribution to the π±-π0 mass splitting. The analogous angle at the η
mass-shell is
θpiη(m
2
η) = 1.3
◦. (46)
The angles in Eq. (44) correspond to
|π0〉 ∼ 0.72 u¯u− 0.69 d¯d− 0.013 s¯s , (47)
|η〉 ∼ 0.53 u¯u+ 0.57 d¯d− 0.63 s¯s , (48)
|η′〉 ∼ 0.44 u¯u+ 0.45 d¯d+ 0.78 s¯s . (49)
Evidently, in the presence of a sensible amount of isospin breaking, the π0 is still predom-
inantly characterised by F3 but there is a small admixture of s¯s. It is found in Ref. [92]
that mixing with the π0 has a similarly modest impact on the flavour content of the η and
η′. It’s effect on their masses is far less.
VI. EXPRESSING DCSB IN BOUND-STATES
Despite the successes achieved with the systematic scheme, its practical application
has numerous shortcomings. For example, the leading-order truncation is accurate for
electrically-charged ground-state pseudoscalar- and vector-mesons because corrections in
these channels largely cancel, owing to parameter-free preservation of the Ward-Takahashi
identities. However, they do not cancel in other channels [105–108]. Hence studies based on
the rainbow-ladder truncation, or low-order improvements thereof, have usually provided
poor results for scalar- and axial-vector-mesons [32, 109–113], produced masses for exotic
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states that are too low in comparison with other estimates [32, 77, 109, 113], and exhibit
gross sensitivity to model parameters for tensor-mesons [114] and excited states [58, 77, 115].
In these circumstances one must conclude that physics important to these states is omitted.
One anticipates therefore that significant qualitative advances in understanding the essence
of QCD could be made with symmetry-preserving kernel Ansa¨tze that express important
additional nonperturbative effects, which are impossible to capture in any finite sum of
contributions. Such an approach has recently become available [82] and is well worth
summarising herein.
VI-1. Building the Bethe-Salpeter kernel
Consider, e.g., flavoured pseudoscalar and axial-vector mesons, which appear as poles
in the inhomogeneous BSE for the axial-vector vertex, Γfg5µ, where f, g are flavour labels.
An exact form of that equation is (k, q are relative momenta, P is the total momentum
flowing into the vertex, and q± = q ± P/2, etc.)
Γfg5µ(k;P ) = Z2γ5γµ −
∫ Λ
q
g2Dαβ(k − q)λ
a
2
γαSf (q+)Γ
fg
5µ(q;P )Sg(q−)
λa
2
Γgβ(q−, k−)
+
∫ Λ
q
g2Dαβ(k − q) λ
a
2
γαSf (q+)
λa
2
Λfg5µβ(k, q;P ), (50)
where Λfg5µβ is a 4-point Schwinger function. (The pseudoscalar vertex satisfies an analogue
of Eq. (50).) This form of the BSE was first written in Ref. [107] and is illustrated in
the lower-panel of Fig. (6). The diagrammatic content of the right-hand-side is completely
equivalent to that of Eq. (9), which is depicted in the upper-panel of the figure. However,
in striking qualitative opposition to that textbook equation, Eq. (50) partly embeds the
solution vertex in the four-point function, Λ, whilst simultaneously explicating a part of
the effect of the dressed-quark-gluon vertex. This has the invaluable consequence of enabling
the derivation of both an integral equation for the new Bethe-Salpeter kernel, Λ, in which
the driving term is the dressed-quark-gluon vertex [107], and a Ward-Takahashi identity
relating Λ to that vertex [82]. No similar equations have yet been found for K and hence
the textbook form of the BSE, whilst tidy, is very limited in its capacity to expose the
effects of DCSB in hadron physics.
As emphasised above, no study of light-quark hadrons is dependable if it fails to
comply with the axial-vector Ward-Takahashi identity, Eq. (8). The condition
PµΛ
fg
5µβ(k, q;P )+ i[mf (ζ)+mg(ζ)]Λ
fg
5β(k, q;P ) = Γ
f
β(q+, k+) iγ5+ iγ5 Γ
g
β(q−, k−) , (51)
where Λfg5β is the analogue of Λ
fg
5µβ in the pseudoscalar equation, is necessary and sufficient
to ensure the Ward-Takahashi identity is satisfied by the solution of Eqs. (1) and (50) [82].
Consider Eq. (51). Rainbow-ladder is the leading-order term in the systematic DSE
truncation scheme of Refs. [56, 57]. It corresponds to Γfν = γν , in which case Eq. (51) is
solved by Λfg5µβ ≡ 0 ≡ Λfg5β . This is the solution that indeed provides the rainbow-ladder
forms of Eq. (50). Such consistency will be apparent in any valid systematic term-by-term
improvement of the rainbow-ladder truncation.
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FIG. 6: Omitting the inhomogeneity, the upper panel illustrates the textbook form of the Bethe-
Salpeter equation, Eq. (9), whereas the lower panel depicts the form expressed in Eq. (50). The
reversal of the total-momentum’s flow is immaterial here. NB. In any symmetry-preserving trunca-
tion, beyond the leading-order identified in Ref. [57]; i.e., rainbow-ladder, the Bethe-Salpeter kernel is
nonplanar even if the vertex in the gap equation is planar [107]. (Figure adapted from Refs. [1, 107].)
However, Eq. (51) is far more than just a device for checking a truncation’s consis-
tency. For, just as the vector Ward-Takahashi identity has long been used to build Ansa¨tze
for the dressed-quark-photon vertex [1, 116, 117], Eq. (51) provides a tool for constructing
a symmetry-preserving kernel of the BSE that is matched to any reasonable Ansatz for the
dressed-quark-gluon vertex which appears in the gap equation. With this powerful capac-
ity, Eq. (51) achieves a goal that has been sought ever since the Bethe-Salpeter equation
was introduced [55]. As will become apparent, it produces a symmetry-preserving kernel
that promises to enable the first reliable Poincare´ invariant calculation of the spectrum of
mesons with masses larger than 1GeV.
The utility of Eq. (51) was illustrated in Ref. [82] through an application to ground
state pseudoscalar and scalar mesons composed of equal-mass u- and d-quarks. To this end,
it was supposed that in Eq. (1) one employs an Ansatz for the quark-gluon vertex which
satisfies
PµiΓ
f
µ(k+, k−) = B(P 2)
[
S−1f (k+)− S−1f (k−)
]
, (52)
with B flavour-independent. (NB. While the true quark-gluon vertex does not satisfy this
identity, owing to the form of the Slavnov-Taylor identity which it does satisfy, it is plausible
that a solution of Eq. (52) can provide a reasonable pointwise approximation to the true
vertex.) Given Eq. (52), then Eq. (51) entails (l = q − k)
ilβΛ
fg
5β(k, q;P ) = B(l)2
[
Γfg5 (q;P ) − Γfg5 (k;P )
]
, (53)
with an analogous equation for PµlβiΛ
fg
5µβ(k, q;P ). This identity can be solved to obtain
Λfg5β(k, q;P ) := B((k − q)2) γ5 Λ
fg
β (k, q;P ) , (54)
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with, using an obvious analogue of Eq. (13),
Λ
fg
β (k, q;P ) = 2ℓβ [i∆E5(q, k;P ) + γ · P∆F5(q, k;P )] + γβ ΣG5(q, k;P )
+ 2ℓβ γ · ℓ∆G5(q, k;P ) + [γβ, γ · P ]ΣH5(q, k;P ) + 2ℓβ[γ · ℓ, γ · P ]∆H5(q, k;P ) , (55)
where ℓ = (q + k)/2, ΣΦ(q, k;P ) = [Φ(q;P ) + Φ(k;P )]/2 and ∆Φ(q, k;P ) = [Φ(q;P ) −
Φ(k;P )]/[q2 − k2].
Now, given any Ansatz for the quark-gluon vertex that satisfies Eq. (52), then the
pseudoscalar analogue of Eq. (50), and Eqs. (1), (54), (55) provide a symmetry-preserving
closed system whose solution predicts the properties of pseudoscalar mesons. The relevant
scalar meson equations are readily derived. (NB. The role played by resonant contributions
to the kernel in the scalar channel [16, 118, 119] is not being overlooked but they are
not pertinent here. Further comments appear in Sec.VIVI-3.) With these systems one
can anticipate, elucidate and understand the influence on hadron properties of the rich
nonperturbative structure expected of the fully-dressed quark-gluon vertex in QCD: in
particular, that of the dynamically generated dressed-quark mass function, whose impact
is quashed at any finite order in the truncation scheme of Ref. [57].
To proceed one need only specify the gap equation’s kernel because, as noted above,
the BSEs are completely defined therefrom. To complete the illustration [82] a simplified
form of the effective interaction in Ref. [84] was employed and two vertex Ansa¨tze were
compared; viz., the bare vertex Γgµ = γµ, which defines the rainbow-ladder truncation of
the DSEs and omits vertex dressing; and the Ball-Chiu (BC) vertex [116], which nonper-
turbatively incorporates vertex dressing associated with DCSB:
iΓgµ(q, k) = iΣAg(q
2, k2) γµ + 2ℓµ
[
iγ · ℓ∆Ag(q2, k2) + ∆Bg (q2, k2)
]
. (56)
A particular novelty of the study is that one can calculate the current-quark-mass-
dependence of meson masses using a symmetry-preserving DSE truncation whose diagram-
matic content is unknown. That dependence is depicted in Fig. 7 and compared with the
rainbow-ladder result. The m-dependence of the pseudoscalar meson’s mass provides nu-
merical confirmation of the algebraic fact that the axial-vector Ward-Takahashi identity
is preserved by both the rainbow-ladder truncation and the BC-consistent Ansatz for the
Bethe-Salpeter kernel. The figure also shows that the axial-vector Ward-Takahashi identity
and DCSB conspire to shield the pion’s mass from material variation in response to dressing
the quark-gluon vertex [7, 107, 108].
As noted in Ref. [82], a rainbow-ladder kernel with realistic interaction strength yields
εRLσ :=
2M(0) −mσ
2M(0)
∣∣∣∣
RL
= (0.3 ± 0.1) , (57)
which can be contrasted with the value obtained using the BC-consistent Bethe-Salpeter
kernel; viz.,
εBCσ ∼< 0.1 . (58)
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FIG. 7: Dependence of pseudoscalar (left panel) and scalar (right) meson masses on the current-
quark mass, m. The Ball-Chiu vertex (BC) result is compared with the rainbow-ladder (RL) result.
(Figure adapted from Ref. [82].)
Plainly, significant additional repulsion is present in the BC-consistent truncation of the
scalar BSE.
Scalar mesons are commonly identified as 3P0 states. This assignment expresses a
constituent-quark-model perspective, from which a JPC = 0++ fermion-antifermion bound-
state must have the constituents’ spins aligned and one unit of constituent orbital angular
momentum. Hence a scalar is a spin and orbital excitation of a pseudoscalar meson. Of
course, no constituent-quark-model can be connected systematically with QCD. Neverthe-
less, as observed in Sec. II, the presence of orbital angular momentum in a hadron’s rest
frame is a necessary consequence of Poincare´ covariance and the momentum-dependent
vector-boson-exchange character of QCD [8, 30, 31], so there is a realisation in QCD of the
quark-model anticipation.
Extant studies of realistic corrections to the rainbow-ladder truncation show that
they reduce hyperfine splitting [108]. Hence, with the comparison between Eqs. (57) and
(58) one has a clear indication that in a Poincare´ covariant treatment the BC-consistent
truncation magnifies spin-orbit splitting, an effect which can be attributed to the influence
of the quark’s dynamically-enhanced scalar self-energy [8] in the Bethe-Salpeter kernel.
VI-2. Quark anomalous chromomagnetic moment
It was conjectured in Ref. [82] that a full realisation of DCSB in the Bethe-Salpeter
kernel will have a big impact on mesons with mass greater than 1GeV. Moreover, that it can
overcome a longstanding failure of theoretical hadron physics. Namely, no extant continuum
hadron spectrum calculation is believable because all symmetry preserving studies produce
a splitting between vector and axial-vector mesons that is far too small: just one-quarter
of the experimental value (see, e.g., Refs. [110–112]). Following that conjecture, there have
been significant developments, which will now be related [123].
In Dirac’s relativistic quantum mechanics, a fermion with charge q and mass m, inter-
acting with an electromagnetic field, has a magnetic moment µ = q/[2m]. This prediction
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held true for the electron until improvements in experimental techniques enabled the dis-
covery of a small deviation [120], with the moment increased by a multiplicative factor:
1.00119±0.00005. This correction was explained by the first systematic computation using
renormalised quantum electrodynamics (QED) [121]:
q
2m
→
(
1 +
α
2π
) q
2m
, (59)
where α is QED’s fine structure constant. The agreement with experiment established
quantum electrodynamics as a valid tool. The correction defines the electron’s anomalous
magnetic moment, which is now known with extraordinary precision and agrees with theory
at O(α5) [122].
The fermion-photon coupling in QED is described by:∫
d4x iq ψ¯(x)γµψ(x)Aµ(x) , (60)
where ψ(x), ψ¯(x) describe the fermion field and Aµ(x) describes the photon. This in-
teraction generates the following electromagnetic current for an on-shell Dirac fermion
(k = pf − pi),
iq u¯(pf )
[
γµF1(k
2) +
1
2m
σµνkνF2(k
2)
]
u(pi) , (61)
where: F1(k
2), F2(k
2) are form factors; and u(p), u¯(p) are electron spinors. Using their
Euclidean space definition, one can derive a Gordon-identity; viz., with 2ℓ = pf + pi,
2mu¯(pf )iγµu(pi) = u¯(pf ) [2ℓµ + iσµνkν ]u(pi) . (62)
With this rearrangement one sees that for massive fermions the interaction can be decom-
posed into two terms: the first describes the spin-independent part of the fermion-photon
interaction, and is common to spin-zero and spin-half particles, whilst the second expresses
the spin-dependent, helicity flipping part. Moreover, one reads from Eqs. (61) and (62)
that a point-particle in the absence of radiative corrections has F1 ≡ 1 and F2 ≡ 0, and
hence Dirac’s value for the magnetic moment. The anomalous magnetic moment in Eq. (59)
corresponds to F2(0) = α/2π.
One infers from Eq. (62) that an anomalous contribution to the magnetic moment
can be associated with an additional interaction term:∫
d4x 1
2
q ψ¯(x)σµνψ(x)Fµν(x) , (63)
where Fµν(x) is the gauge-boson field strength tensor. This term is invariant under local
U(1) gauge transformations but is not generated by minimal substitution in the action for
a free Dirac field.
Consider the effect of the global chiral transformation ψ(x) → exp(iθγ5)ψ(x). The
term in Eq. (60) is invariant. However, the interaction of Eq. (63) is not. These observations
978 SELECTED HIGHLIGHTS FROM THE . . . VOL. 49
facilitate the understanding of a general result: F2 ≡ 0 for a massless fermion in a quantum
field theory with chiral symmetry realized in the Wigner mode; i.e., when the symmetry
is not dynamically broken. A firmer conclusion can be drawn. For m = 0 it follows from
Eq. (62) that Eq. (60) does not mix with the helicity-flipping interaction of Eq. (63) and
hence a massless fermion does not possess a measurable magnetic moment.
A reconsideration of Ref. [121] reveals no manifest conflict with these facts. The per-
turbative expression for F2(0) contains a multiplicative numerator factor of m and the usual
analysis of the denominator involves steps that are only valid for m 6= 0. Fundamentally,
there is no conundrum because QED is not an asymptotically free theory and hence does
not have a well-defined nonperturbative chiral limit.
On the other hand, in QCD the chiral limit is rigorously defined nonperturbatively
[84]; and the analogue of Schwinger’s one-loop calculation can be carried out to find an
anomalous chromo-magnetic moment for the quark. There are two diagrams in this case:
one similar in form to that in QED; and another owing to the gluon self-interaction. One
reads from Ref. [124] that the perturbative result vanishes in the chiral limit. However,
Fig. 1 demonstrates that chiral symmetry is dynamically broken in QCD and one must
therefore ask whether this affects the chromomagnetic moment.
Of course, it does, and it is now known that this is signalled by the appearance of ∆Bg
in Eq. (56). Contemporary simulations of lattice-regularized QCD [125] and DSE studies
[126] agree that
λ3(p, p; 0) ≈ d
dp2
B(p2, ζ) (64)
and also on the form of λ1(p, p; 0), which is functionally similar to A(p
2, ζ). However, owing
to non-orthogonality of the tensors accompanying λ1 and λ2, it is difficult to obtain a lattice
signal for λ2. We therefore consider the DSE prediction for λ2 in Ref. [126] more reliable.
As pointed out above, perturbative massless-QCD conserves helicity so the quark-
gluon vertex cannot perturbatively have a term with the helicity-flipping characteristics of
λ3. Equation (64) is thus remarkable, showing that the dressed-quark-gluon vertex contains
at least one chirally-asymmetric component whose origin and size owe solely to DCSB; and
Sec.VIVI-1 illustrates that λ3 has a material impact on the hadron spectrum.
This reasoning is extended in Ref. [123]: massless fermions in gauge field theories
cannot possess an anomalous chromo/electro-magnetic moment because the term that de-
scribes it couples left- and right-handed fermions; however, if chiral symmetry is strongly
broken dynamically, then the fermions should also posses large anomalous magnetic mo-
ments. Such an effect is expressed in the dressed-quark-gluon vertex via a term
Γacm5µ (pf , pi; k) = σµνkν τ5(pf , pi, k) . (65)
That QCD generates a strongly momentum-dependent chromomagnetic form factor
in the quark-gluon vertex, τ5, with a large DCSB-component, is confirmed in Ref. [125].
Only a particular kinematic arrangement was readily accessible in that lattice simulation
but this is enough to learn that, at the current-quark mass considered: τ5 is roughly two
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orders-of-magnitude larger than the perturbative form; and
∀p2 > 0 : |τ5(p,−p; 2p)| & |λ3(p, p; 0)| . (66)
The magnitude of the lattice result is consistent with instanton-liquid model estimates
[127, 128].
This large chromomagnetic moment is likely to have a broad impact on the properties
of light-quark systems [128, 129]. In particular, as will be illustrated in Sec. VIVI-3, it can
explain the longstanding puzzle of the mass splitting between the a1- and ρ-mesons in the
hadron spectrum [130]. Here a different novel effect will be elucidated; viz., the manner in
which the quark’s chromomagnetic moment generates a quark anomalous electromagnetic
moment. This demonstration is only possible now that the method of Ref. [82] is available.
It was accomplished [123] using the same simplification of the effective interaction in Ref. [84]
that produced Figs. 7.
In order to understand the vertex Ansatz used in Ref. [123], it is necessary to return
to perturbation theory. One can determine from Ref. [124] that at leading-order in the
coupling, αs, the three-gluon vertex does not contribute to the QCD analogue of Eq. (59)
and the Abelian-like diagram produces the finite and negative correction (−αs/[12π]). The
complete cancellation of ultraviolet divergences occurs only because of the dynamical gen-
eration of another term in the transverse part of the quark-gluon vertex; namely,
Γacm4µ (pf , pi) = [ℓ
T
µγ · k + iγTµ σνρℓνkρ]τ4(pf , pi) , (67)
with Tµν = δµν − kµkν/k2, aTµ := Tµνaν .
Cognisant of this, one may use a simple Ansatz to express the dynamical generation
of an anomalous chromomagnetic moment via the dressed-quark gluon vertex; viz.,
Γ˜µ(pf , pi) = Γ
BC
µ (pf , pi) + Γ
acm
µ (pf , pi) , (68)
Γacmµ (pf , pi) = Γ
acm4
µ (pf , pi) + Γ
acm5
µ (pf , pi) , (69)
with τ5(pf , pi) = (−7/4)∆B(p2f , p2i ), as discussed above, and
τ4(pf , pi) = F(z)
[
1− 2η
ME
∆B(p
2
f , p
2
i )−∆A(p2f , p2i )
]
. (70)
The damping factor F(z) = (1 − exp(−z))/z, z = (p2i + p2f − 2M2E)/Λ2F , ΛF = 1GeV,
simplifies numerical analysis; and ME = {s|s > 0, s =M2(s)} is the Euclidean constituent-
quark mass.
A confined quark does not possess a mass-shell (Sec. III). Hence, one cannot unam-
biguously assign a single value to its anomalous magnetic moment. One can nonetheless
compute a magnetic moment distribution. At each value of p2, spinors can be defined to
satisfy the free-particle Euclidean Dirac equation with mass m→M(p2) =: ς, so that
u¯(pf ; ς) Γµ(pf , pi; k)u(pi; ς) = u¯(pf )[F1(k
2)γµ +
1
2ς
σµνkνF2(k
2)]u(pi) (71)
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FIG. 8: Left panel – fγ (GeV
−1) in Eq. (76) cf. (−7/4)∆B(p2, p2), both computed using Eq. (68) and
the same simplification of the interaction in Ref. [84]. Right panel – Anomalous chromo- and electro-
magnetic moment distributions for a dressed-quark, computed using Eq. (77). The dashed-curve in
both panels is the rainbow-ladder (RL) truncation result. (Figure adapted from Ref. [123].)
and then, from Eqs. (68) – (70),
κacm(ς) =
−2ς ηδςB
σςA − 2ς2δςA + 2ςδςB
, (72)
where σςA = ΣA(ς, ς), δ
ς
A = ∆A(ς, ς), etc. The numerator’s simplicity owes to a premeditated
cancellation between τ4 and τ5, which replicates the one at leading-order in perturbation
theory. Where a comparison of terms is possible, this vertex Ansatz is semi-quantitatively
in agreement with Refs. [125, 126]. However, the presence and understanding of the role of
Γacm4µ is a novel contribution by Ref. [123]. NB. It is apparent from Eq. (72) that κ
acm ∝ m2
in the absence of DCSB, so that κacm/[2m]→ 0 in the chiral limit.
The BSE for the quark-photon vertex can be written following the method of Ref. [82].
Since the method guarantees preservation of the Ward-Takahashi identities, the general
form of the solution is
Γγµ(pf , pi) = Γ
BC
µ (pf , pi) + Γ
T
µ (pf , pi) , (73)
ΓTµ (pf , pi) = γ
T
µ Fˆ1 + σµνkνFˆ2 + Tµρσρνℓν ℓ · k Fˆ3 + [ℓTµγ · k + iγTµ σνρℓνkρ]Fˆ4
−iℓTµ Fˆ5 + ℓTµγ · k ℓ · k Fˆ6 − ℓTµγ · ℓ Fˆ7 + ℓTµσνρℓνkρFˆ8 , (74)
where {Fˆi|i = 1, . . . , 8} are scalar functions of Lorentz-invariants constructed from pf , pi,
k. The Ward-Takahashi identity is plainly satisfied; viz.,
kµiΓµ(pf , pi) = S
−1(pf )− S−1(pi) . (75)
Figure 8 depicts the results obtained for the quark’s anomalous electromagnetic mo-
ment form factor
fγ(p) := lim
pf→p
−1
12 k2
trσµνkµΓ
γ
ν(pf , p) = Fˆ2 +
1
3
p2Fˆ8 . (76)
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The result is evidently sizable. It is worth reiterating that fγ is completely nonperturbative:
in the chiral limit, at any finite order in perturbation theory, fγ ≡ 0. For contrast the
figure also displays the result computed in the rainbow-ladder truncation of QCD’s DSEs.
As the leading-order in a systematic but stepwise symmetry-preserving scheme [57], this
truncation only partially expresses DCSB: it is exhibited by the dressed-quark propagator
but not present in the quark-gluon vertex. In this case fγ is nonzero but small. These are
artefacts of the truncation that cannot be remedied at any finite order of the procedure in
Ref. [57] or a kindred scheme.
Employing Eq. (71), in connection with the dressed-quark-photon vertex, one can
write an expression for the quark’s anomalous electromagnetic moment distribution
κ(ς) =
2ςFˆ2 + 2ς
2Fˆ4 + Λκ(ς)
σςA + Fˆ1 − Λκ(ς)
, (77)
where: Λκ(ς) = 2ς
2δςA − 2ςδςB − ςFˆ5 − ς2Fˆ7; and the Fˆi are evaluated at p2f = p2i =
M(p2f )
2 =: ς2, k2 = 0. Plainly, κ(ς) ≡ 0 in the chiral limit when chiral symmetry is not
dynamically broken. Moreover, as a consequence of asymptotic freedom, κ(ς) → 0 rapidly
with increasing momentum. The computed distribution is depicted in Fig. 8. It yields
Euclidean mass-shell values:
MEfull = 0.44GeV, κ
acm
full = −0.22 , κaemfull = 0.45
cf. MERL = 0.35GeV, κ
acm
RL = 0 , κ
aem
RL = 0.048.
(78)
It is thus apparent that DCSB produces a dressed light-quark with a momentum-
dependent anomalous chromomagnetic moment, which is large at infrared momenta. Signif-
icant amongst the consequences is the generation of an anomalous electromagnetic moment
for the dressed light-quark with commensurate size but opposite sign. (NB. This result
was anticipated in Ref. [131], which argued that DCSB usually triggers the generation of a
measurable anomalous magnetic moment for light-quarks.) The infrared dimension of both
moments is determined by the Euclidean constituent-quark mass. This is two orders-of-
magnitude greater than the physical light-quark current-mass, which sets the scale of the
perturbative result for both these quantities.
There are two more notable features; namely, the rainbow-ladder truncation, and low-
order stepwise improvements thereof, underestimate these effects by an order of magnitude;
and both the τ4 and τ5 terms in the dressed-quark-gluon vertex are indispensable for a
realistic description of hadron phenomena. Whilst a simple interaction was used to illustrate
these outcomes, they are robust.
These results are stimulating a reanalysis of hadron elastic and transition electromag-
netic form factors, and the hadron spectrum, results of which will be described below. Fur-
thermore, given the magnitude of the muon “gµ − 2 anomaly” and its assumed importance
as an harbinger of physics beyond the Standard Model [132], it might also be worthwhile to
make a quantitative estimate of the contribution to gµ− 2 from the quark’s DCSB-induced
anomalous moments following, e.g., the computational pattern for the hadronic light-by-
light scattering component of the photon polarization tensor indicated in Ref. [133].
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VI-3. a1-ρ mass splitting
The analysis in Ref. [82] enables one to construct a symmetry-preserving kernel for the
BSE given any form for Γµ. Owing to the importance of symmetries in forming the spectrum
of a quantum field theory, this is a pivotal advance. One may now use all information
available, from any reliable source, to construct the best possible vertex Ansatz. The
last section illustrated that this enables one to incorporate crucial nonperturbative effects,
which any finite sum of contributions is incapable of capturing, and thereby prove that
DCSB generates material, momentum-dependent anomalous chromo- and electro-magnetic
moments for dressed light-quarks.
The vertex described in Sec. VIVI-2 contains a great deal of information about DCSB.
It is the best motivated Ansatz to date and may be used in the calculation of the masses
of ground-state spin-zero and -one light-quark mesons in order to illuminate the impact of
DCSB on the hadron spectrum. This analysis expands significantly on the discussion of
scalar and pseudoscalar mesons in Sec.VIVI-1.
A prediction for the spectrum follows once the gap equation’s kernel is specified and
the Ward-Identity solved for the Bethe-Salpeter kernel, Λ, in Fig. 6. In the axial-vector and
pseudoscalar channels, the latter is accomplished with Λ5β(µ) = Λ
BC
5β(µ) + Λ
acm
5β(µ), with the
explicit form of ΛBC5β given in Ref. [82], Λ
BC
5βµ constructed following the procedure described
therein, and
2Λacm5β(µ) = [Γ
acm
β (q+, k+) + γ5Γ
acm
β (q−, k−)γ5]
1
S−1(k+) + S−1(−k−)Γ5(µ)(k;P )
+ Γ5(µ)(q;P )
1
S−1(−q+) + S−1(q−) [γ5Γ
acm
β (q+, k+)γ5 + Γ
acm
β (q−, k−)]. (79)
Kernels for other channels are readily constructed.
Reference [130] computes ground-state masses using the method detailed in Ref. [134],
which ensures one need only solve the gap and Bethe-Salpeter equations at spacelike mo-
menta. This simplifies the numerical problem. To explain, the inhomogeneous BSE is solved
for the complete Bethe-Salpeter amplitude in a particular channel on a domain of spacelike
total-momenta, P 2 > 0. Any bound-state in that channel appears as a pole in the solution
at P 2 = −m2meson. Denoting the leading Chebyshev moment of the amplitude’s dominant
Dirac structure by Γ(k;P ), where k is the relative momentum, then 1/Γ(k = 0;P 2) exhibits
a zero at (−m2meson). The location of that zero is determined via extrapolation of a Pade´
approximant to the spacelike-behavior of 1/Γ(k = 0;P 2). This is illustrated for the ρ- and
a1-channels in Fig. 9.
A full set of results is listed in Table I. One first notes the level of agreement between
Cols. 3 and 4. This illustrates the efficacy of the extrapolation method used to compute
masses: no difference is greater than 1%.
The row associated with mσ is worth considering next. First compare Cols. 1–3.
It is an algebraic result that in the RL-truncation of QCD’s Dyson-Schwinger equations
(DSEs), mσ ≈ 2M , where M is a constituent-like quark mass [138]. On the other hand,
incorporating the quark mass function into the Bethe-Salpeter kernel via ΓBCµ generates a
strong spin-orbit interaction, which significantly boosts mσ (see Sec. VIVI-1). This feature
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FIG. 9: Illustration of the procedure used to determine meson masses. Solid curve – a1-meson,
nonperturbative kernel; dot-dash-dash – a1, kernel derived from Eq. (56) only (Ball-Chiu, BC); and
dash – a1, leading-order kernel (rainbow-ladder, RL). Dot-dash curve – ρ-meson, nonperturbative
kernel; Dot-dash-dot – ρ, BC-kernel; and dotted – ρ, RL-kernel. Points – values of 1/Γ(k = 0;P 2) in
the given channel computed with the kernel described. Pade´ approximants are constructed in each
case; and the location of the zero is identified with (−m2meson). (Figure adapted from Ref. [130].)
is evidently unaffected by the inclusion of Γacmµ ; i.e., those terms associated with a dressed-
quark anomalous chromomagnetic moment. Since terms associated with pion final-state
interactions are deliberately omitted in the nonperturbative kernel derived in Ref. [130], it
is noteworthy that mσ in Col. 1 matches estimates for the mass of the dressed-quark-core
component of the σ-meson obtained using unitarised chiral perturbation theory [118, 119].
NB. In addition to providing a width, such final-state interactions necessarily reduce the
real part of the mass [38, 137].
Now compare the entries in Rows 2, 4–6. The ρ- and a1-mesons have been known
members of the spectrum for more than thirty years and are typically judged to be parity-
partners; i.e., they would be degenerate if chiral symmetry were manifest in QCD. Plainly,
they are not, being split by more than 400MeV (i.e., > mρ/2). It is suspected that this large
splitting owes to DCSB. Hitherto, however, no symmetry-preserving treatment of bound-
states could explain the splitting. This is illustrated by Cols. 3, 4 in the Table, which show
that whilst a good estimate of mρ is readily obtained at leading-order in the systematic
DSE truncation scheme of Ref. [57], the axial-vector masses are much underestimated. The
defect persists at next-to-leading-order [110, 112].
The analysis in Ref. [130] points to a remedy for this longstanding failure. Using the
Poincare´-covariant, symmetry preserving formulation of the meson bound-state problem
enabled by Ref. [82], with nonperturbative kernels for the gap and Bethe-Salpeter equa-
tions, which incorporate effects of DCSB that are impossible to capture in any step-by-step
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Ref. [130] Expt. RL-Pade´ RL-direct
mpi 0.137 0.138 0.138 0.137
mρ 0.790± 0.003 0.777 0.754 0.758
mσ 1.08 0.4 – 1.2 0.645 0.645
ma1 1.27± 0.02 1.24± 0.04 0.938 0.927
mb1 1.39± 0.01 1.21± 0.02 0.904 0.912
ma1 −mρ 0.48± 0.02 0.46± 0.04 0.18 0.17
TABLE I: Computed masses. Col. 1: Spectrum obtained with the full nonperturbative Bethe-
Salpeter kernels described in Ref. [130], which express effects of DCSB. The method of Ref. [134]
was used. If noticeable, a jackknife error estimate is reported. Col. 2 – Experimental values;
computed, except mσ, from isospin mass-squared averages [135]. Col. 3 – Masses determined from
the inhomogeneous BSE at leading-order in the DSE truncation scheme of Ref. [57] (with this simple
kernel, the jackknife error is too small to report); and Col. 4 – results in Ref. [136], obtained directly
from the homogeneous BSE at the same order of truncation.
procedure for improving upon the rainbow-ladder truncation, it provides realistic estimates
of axial-vector meson masses. In obtaining these results, Ref. [130] showed that the vertex
Ansatz used most widely in studies of DCSB, ΓBCµ , is inadequate as a tool in hadron physics.
Used alone, it increases both mρ and ma1 but yields ma1 −mρ = 0.21GeV, qualitatively
unchanged from the rainbow-ladder result (see Fig. 9). A good description of axial-vector
mesons is only achieved by including interactions derived from Γacmµ ; i.e., connected with
the dressed-quark anomalous chromomagnetic moment [123]. Moreover, used alone, neither
term in Γacmµ can produce a satisfactory result. The full vertex Ansatz and the associated
gap and Bethe-Salpeter kernels described in Sec. VIVI-2 are the minimum required.
Row 5 contains additional information. The leading-covariant in the b1-meson channel
is γ5kµ. The appearance of kµ suggests immediately that dressed-quark orbital angular
momentum will play a significant role in this meson’s structure, even more so than in
the a1-channel for which the dominant covariant is γ5γµ. (NB. In a simple quark-model,
constituent spins are parallel within the a1 but antiparallel within the b1. Constituents
of the b1 may therefore become closer, so that spin-orbit repulsion can exert a greater
influence.) This expectation is borne out by the following: with the full kernel,mb1 increases
significantly more than ma1 ; and mb1 is far more sensitive to the interaction’s momentum-
space range parameter than any other state, decreasing rapidly as the interaction’s spatial-
variation is increasingly suppressed.
The results reviewed in this section rest on an Ansatz for the quark-gluon vertex
and whilst the best available information was used in its construction, improvement is
nonetheless possible. That will involve elucidating the role of Dirac covariants in the quark-
gluon vertex which have not yet been considered and of resonant contributions; viz., meson
loop effects that give widths to some of the states considered. In cases for which empirical
width-to-mass ratios are . 25%, one might judge that such contributions can reliably be
obtained via bound-state perturbation theory [139]. Contemporary studies indicate that
these effects reduce bound-state masses but the reduction can uniformly be compensated
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by a modest inflation of the interaction’s mass-scale [138, 140], so that the masses in Table I
are semiquantitatively unchanged. The case of the σ-meson is more complicated. However,
the prediction of a large mass for this meson’s dressed-quark core leaves sufficient room for
a strong reduction by resonant contributions [118, 119].
This section reviewed a continuum framework for computing and explaining the meson
spectrum, which combines a veracious description of pion properties with estimates for
masses of light-quark mesons heavier than mρ. (A contemporary lattice-QCD perspective
on this problem may be drawn from Ref. [141].) The method therefore offers the promise
of a first reliable Poincare´-invariant, symmetry-preserving computation of the spectrum of
light-quark hybrids and exotics; i.e., those putative states which are impossible to construct
in a quantum mechanics based upon constituent-quark degrees-of-freedom. So long as the
promise is promptly fulfilled, the approach will provide predictions to guide the forthcoming
generation of facilities.
VII. PION ELECTROMAGNETIC FORM FACTORS
In charting the long-range interaction between light-quarks via the feedback between
experiment and theory, hadron elastic and transition form factors can provide unique in-
formation, beyond that obtained through studies of the hadron spectrum.
VII-1. Charged pion
This is demonstrated very clearly by an analysis of the electromagnetic pion form
factor, F empi (Q
2), because the pion has a unique place in the Standard Model. It is a bound-
state of a dressed-quark and -antiquark, and also that almost-massless collective excitation
which is the Goldstone mode arising from the dynamical breaking of chiral symmetry.
This dichotomy can only be understood through the symmetry-preserving analysis of two-
body bound-states [64]. Furthermore, the possibility that this dichotomous nature could
have wide-ranging effects on pion properties has made the empirical investigation of these
properties highly desirable, despite the difficulty in preparing a system that can act as a
pion target and the concomitant complexities in the interpretation of the experiments; e.g.,
[142–145].
The merit of using F empi (Q
2) to elucidate the potential of an interplay between exper-
iment and nonperturbative theory as a means of constraining the long-range behaviour of
QCD’s β-function is amplified by the existence of a prediction that Q2Fpi(Q
2) ≈ constant
for Q2 ≫ m2pi in a theory whose interaction is mediated by massless vector-bosons. To be
explicit [146–148]:
Q2Fpi(Q
2)
Q2≫m2pi≃ 16πf2piα(Q2), (80)
which takes the value 0.13GeV2 at Q2 = 10GeV2 if one uses the one-loop result
α(Q2 = 10GeV2) ≈ 0.3. The verification of this prediction is a strong motivation for
modern experiment [142–144], which can also be viewed as an attempt to constrain and
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TABLE II: Results obtained with (in GeV) mG = 0.132 , Λir = 0.24 , Λuv = 0.905. Dimensioned
quantities are listed in GeV.
m Epi Fpi Eρ M κ
1/3
pi mpi mρ fpi fρ
0 3.568 0.459 1.520 0.358 0.241 0 0.919 0.100 0.130
0.007 3.639 0.481 1.531 0.368 0.243 0.140 0.928 0.101 0.129
map experimentally the pointwise behaviour of the exchange interaction that binds the
pion.
Section VV-1 details some extraordinary consequences of DCSB, amongst them the
Goldberger-Treiman relations of Eqs. (14) – (17). Of these, Eqs. (15) and (16) entail that
the pion possesses components of pseudovector origin which alter the asymptotic form of
F empi (Q
2) by a multiplicative factor of Q2 cf. the result obtained in their absence [66].
QCD-based DSE calculations of F empi (Q
2) exist [66, 74], the most systematic of which
[74] predicted the measured form factor [142]. Germane to this discourse, however, is
an elucidation of the sensitivity of F empi (Q
2) to the pointwise behaviour of the interaction
between quarks. We therefore recapitulate on Refs. [68, 70], which explored how predictions
for pion properties change if quarks interact not via massless vector-boson exchange but
instead through a contact interaction; viz.,
g2Dµν(p− q) = δµν 1
m2G
, (81)
where mG is a gluon mass-scale (such a scale is generated dynamically in QCD, with a
value ∼ 0.5GeV [48, 149]), and proceeded by embedding this interaction in a rainbow-
ladder truncation of the DSEs.
In this case, using a confining regularisation scheme [150], the gap equation, which
determines this interaction’s momentum-independent dressed-quark mass, can be written
M = m+
M
3π2m2G
C(M2; τir, τuv) , (82)
where m is the current-quark mass and
C(M2; τir, τuv) =M2[Γ(−1,M2τ2uv)− Γ(−1,M2τ2ir)], (83)
with Γ(α, y) being the incomplete gamma-function. Results are presented in Table II.
With a symmetry-preserving regularisation of the interaction in Eq. (81), the Bethe-
Salpeter amplitude cannot depend on relative momentum. Hence Eq. (13) becomes
Γpi(P ) = γ5
[
iEpi(P ) +
1
M
γ · PFpi(P )
]
(84)
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and the explicit form of the model’s ladder BSE is[
Epi(P )
Fpi(P )
]
=
1
3π2m2G
[ KEE KEF
KFE KFF
] [
Epi(P )
Fpi(P )
]
, (85)
where, with m = 0 = P 2, anticipating the Goldstone character of the pion,
KEE = C(M2; τ2ir, τ2uv) , KEF = 0 ,
2KFE = C1(M2; τ2ir, τ2uv) , KFF = −2KFE ,
(86)
and C1(z) = −zC′(z), where we have suppressed the dependence on τir,uv. The solution of
Eq. (85) gives the pion’s chiral-limit Bethe-Salpeter amplitude, which, for the computation
of observables, should be normalised canonically; viz.,
Pµ = Nc tr
∫
d4q
(2π)4
Γpi(−P ) ∂
∂Pµ
S(q + P ) Γpi(P )S(q) . (87)
Hence, in the chiral limit,
1 =
Nc
4π2
1
M2
C1(M2; τ2ir, τ2uv)Epi[Epi − 2Fpi], (88)
and the pion’s leptonic decay constant is
f0pi =
Nc
4π2
1
M
C1(M2; τ2ir, τ2uv)[Epi − 2Fpi] . (89)
If one has preserved Eq. (8), then, for m = 0 in the neighbourhood of P 2 = 0, the
solution of the axial-vector BSE has the form:
Γ5µ(k+, k) =
Pµ
P 2
2f0pi Γpi(P ) + γ5γµFR(P ) (90)
and the following subset of Eqs. (14) – (17) will hold:
f0piEpi =M , 2
Fpi
Epi
+ FR = 1 . (91)
Hence Fpi(P ) is necessarily nonzero in a vector exchange theory, irrespective of the pointwise
behaviour of the interaction. It has a measurable impact on the value of fpi.
Based upon these results, one can proceed to compute the electromagnetic pion form
factor in the generalised impulse approximation [68, 70]; i.e., at leading-order in a symmetry-
preserving DSE truncation scheme [66, 74, 151]. Namely, for an incoming pion with mo-
mentum p1 = K −Q/2, which absorbs a photon with space-like momentum Q, so that the
outgoing pion has momentum p2 = K +Q/2,
2KµF
em
pi (Q
2) = 2Nc
∫
d4t
(2π)4
trD
[
iΓpi(−p2)S(t+p2)iγµPT(Q2)S(t+p1) iΓpi(p1) S(t)
]
, (92)
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FIG. 10: Dressing function for the transverse piece of the quark-photon vertex, computed using the
parameter values described in connection with Table II. The pole associated with the ground-state
vector meson is clear. (Figure adapted from Ref. [70].)
where PT(Q
2), depicted in Fig. 10, describes the full extent of dressing on the quark-photon
vertex produced by a contact interaction in the rainbow-ladder truncation [70]. The form
factor is expressible as follows:
F empi (Q
2) = PT(Q
2)F empi, 6ρ(Q
2), (93)
F empi, 6ρ(Q
2) = F empi,EE(Q
2) + F empi,EF (Q
2) + F empi,FF (Q
2) (94)
= EcpiE
c
piT
pi
EE(Q
2) + EcpiF
c
piT
pi
EF (Q
2) + F cpiF
c
piT
pi
FF (Q
2), (95)
where F empi, 6ρ(Q
2) is that part of the form factor produced by the undressed quark-photon
vertex and the functions T pi have simple algebraic forms in this calculation [70].
In the left panel of Fig. 11 we present F empi, 6ρ(Q
2) and the three separate contributions
defined in Eq. (95). It is evident that, in magnitude, F empi,EF contributes roughly one-third of
the pion’s unit charge. This could have been anticipated from Eq. (88). More dramatically,
perhaps: the interaction in Eq. (81) generates
F empi (Q
2 →∞) = constant. (96)
Both results originate in the nonzero value of Fpi(P ), which is a straightforward consequence
of the symmetry-preserving treatment of a vector exchange theory [64]. Equation (96)
should not come as a surprise: with a symmetry-preserving regularisation of the interaction
in Eq. (81), the pion’s Bethe-Salpeter amplitude cannot depend on the constituent’s relative
momentum. This is characteristic of a pointlike particle, which must have a hard form
factor. The right panel of the figure illustrates that the necessary inclusion of PT(Q
2) is
critical in the timelike region and has a measurable quantitative impact for a significant
range of spacelike momenta. It does not, however, affect the truly ultraviolet behaviour.
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FIG. 11: Left panel. F empi, 6ρ(Q
2) and the separate contributions introduced in Eq. (95). F empi (Q
2 =
0) = 1, without fine-tuning, because a symmetry-preserving regularisation of the interaction in
Eq. (81) was implemented. Right panel. F empi (Q
2) computed in rainbow-ladder truncation from the
interaction in Eq. (81): solid curve – fully consistent, i.e., with a dressed-quark-photon vertex so
that the ρ-pole appears; and dashed curve – computed using a bare quark-photon vertex, namely,
F empi, 6ρ(Q
2). Dotted curve – fit to the result in Ref. [74], which also included a consistently-dressed
quark-photon vertex and serves to illustrate the trend of contemporary data. (Figures adapted from
Refs. [68, 69].)
In Fig. 12 we compare the form factor computed from Eq. (81) with contemporary
experimental data [142–144] and a QCD-based DSE prediction [74]. Both the QCD-based
result and that obtained from the momentum-independent interaction yield the same values
for the pion’s static properties [68–70]. However, for Q2 > 0 the form factor computed
using ∼ 1/k2-vector-boson exchange is immediately distinguishable empirically from that
produced by a momentum-independent interaction. Indeed, the figure shows that for F empi ,
existing experiments can already distinguish between different possibilities for the quark-
quark interaction.
Combining Figs. 11 and 12 it becomes apparent that F empi,EE is only a good approxima-
tion to the net pion form factor for Q2 ∼< M2. F empi,EE and F empi,EF evolve with equal rapidity –
there is no reason for this to be otherwise, as they are determined by the same mass-scales
– but a nonzero constant comes quickly to dominate over a form factor that falls swiftly to
zero.
It is plain now that when a momentum-independent vector-exchange interaction is
regularised in a symmetry-preserving manner, the results are directly comparable with ex-
periment, computations based on well-defined and systematically-improvable truncations
of QCD’s DSEs [74], and perturbative QCD. In this context it will be apparent that
a contact interaction, whilst capable of describing pion static properties well, Table II,
generates a form factor whose evolution with Q2 deviates markedly from experiment for
Q2 > 0.17GeV2 ≈ M2 and produces asymptotic power-law behaviour, Eq. (96), in serious
conflict with QCD [146–148].
In that connection Fig. 1 and Eqs. (14) – (17) are relevant again. In the electromag-
netic elastic scattering process, the momentum transfer, Q, is primarily shared equally be-
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FIG. 12: Solid curve: Q2Fpi, 6ρ(Q
2) obtained with Eq. (81). Dashed curve: DSE prediction [74], which
employed a momentum-dependent renormalisation-group-improved gluon exchange interaction. For
Q2 > 0.17GeV2 ≈M2, marked by the vertical dotted line, the contact interaction result for F empi, 6ρ(Q2)
differs from that in Ref. [74] by more than 20%. The data are from Refs. [142–144]. (Figure adapted
from Ref. [68].)
tween the pion’s constituents because the bound-state Bethe-Salpeter amplitude is peaked
at zero relative momentum. Thus, one can consider k ∼ Q/2. The Goldberger-Trieman-like
relations express a mapping between the relative momentum of the pion’s constituents and
the one-body momentum of dressed-quark; and the momentum dependence of the dressed-
quark mass function is well-described by perturbation theory when k2 > 2GeV2. Hence,
one should expect a perturbative-QCD analysis of the pion form factor to be valid for
k2 = Q2/4 & 2GeV2; i.e.,
F empi (Q
2) ≈ F empQCDpi (Q2) for Q2 & 8GeV2. (97)
This explains the result in Ref. [66]. A similar argument for baryons suggests that the
nucleon form factors should be perturbative for Q2 & 18GeV2.
It is worth reiterating that the contact interaction produces a momentum-independent
dressed-quark mass function, in contrast to QCD-based DSE studies [8, 13] and lattice-QCD
[14]. This is fundamentally the origin of the marked discrepancy between the form factor it
produces and extant experiment. Hence Refs. [68–70] highlight that form factor observables,
measured at an upgraded Jefferson laboratory, e.g., are capable of mapping the running
of the dressed-quark mass function. Efforts are underway to establish the signals of the
running mass in baryon elastic and transition form factors.
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VII-2. Neutral pion
The process γ∗γ → π0 is also of great interest because in order to explain the asso-
ciated transition form factor within the Standard Model on the full domain of momentum
transfer, one must combine, using a single internally-consistent framework, an explanation
of the essentially nonperturbative Abelian anomaly with the features of perturbative QCD.
The case for attempting this received a significant boost with the publication of data from
the BaBar Collaboration [154] because, while they agree with earlier experiments on their
common domain of squared-momentum-transfer [155, 156], the BaBar data are unexpect-
edly far above the prediction of perturbative QCD at larger values of Q2.
This so-called “Babar anomaly” was considered in Ref. [69], wherein it is argued that
in fully-self-consistent treatments of pion: static properties; and elastic and transition form
factors, the asymptotic limit of the product Q2Gγ∗γpi0(Q
2), which is determined a priori
by the interaction employed, is not exceeded at any finite value of spacelike momentum
transfer: the product is a monotonically-increasing concave function. A consistent approach
is one in which: a given quark-quark scattering kernel is specified and solved in a well-
defined, symmetry-preserving truncation scheme; the interaction’s parameter(s) are fixed
by requiring a uniformly good description of the pion’s static properties; and relationships
between computed quantities are faithfully maintained.
Within such an approach it is nevertheless possible for Q2F empi (Q
2) to exceed its
perturbative-QCD asymptotic limit because the leading-order matrix-element involves two
Bethe-Salpeter amplitudes. This permits an interference between dynamically-generated
infrared mass-scales in the computation. Moreover, for F empi (Q
2) the perturbative QCD
limit is more than an order-of-magnitude smaller than m2ρ. Owing to the proximity of the
ρ-meson pole to Q2 = 0, the latter mass-scale must provide a fair first-estimate for the
small-Q2 evolution of F empi (Q
2). A monopole based on this mass-scale exceeds the pQCD
limit ∀Q2 > 0. For the transition form factor, however, the opposite is true because m2ρ is
less-than the pQCD limit; viz. [148],
lim
Q2→∞
Q22G(Q2) = 8π2f2pi. (98)
The vector current-current contact-interaction canvassed in this Section may be de-
scribed as a vector-boson exchange theory with vector-field propagator (1/k2)κ, κ = 0. It
was shown [69] that the consistent treatment of such an interaction produces a γ∗γ → π0
transition form factor that disagrees with all available data. On the other hand, precisely
the same treatment of an interaction which preserves the one-loop renormalisation group
behaviour of QCD, produces a form factor in good agreement with all but the large-Q2
data from the BaBar Collaboration [154]. These points are illustrated in Fig. 13.
Studies exist which interpret the BaBar data as an indication that the pion’s dis-
tribution amplitude, φpi(x), deviates dramatically from its QCD asymptotic form, indeed,
that φpi(x) = constant, or is at least flat and nonvanishing at x = 0, 1 [158, 159]. How-
ever, it has often been explained [9, 67–70] that such a distribution amplitude characterises
an essentially-pointlike pion; and, as we have seen, when used in a fully-consistent treat-
ment, it produces results for pion elastic and transition form factors that are in striking
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FIG. 13: Q2-weighted γ∗γ → π0 transition form factor. Data: red circles, Ref. [154]; green di-
amonds, Ref. [155]; and blue squares, Ref.[156]. Solid curve – Q2G(Q2) computed using the
symmetry-preserving, fully-self-consistent rainbow-ladder treatment of the contact interaction in
Eq. (81), which produces a pion distribution amplitude φpi(x) = constant; and dot-dashed curve – fit
to the γ∗γ → π0 transition form factor computed in a QCD-based rainbow-ladder-truncation DSE
study [157]. Both curves have been divided by (2π2fpi) in order to match the data’s normalisation.
(Figure adapted from Ref. [69].)
disagreement with experiment. Reiterating, a bound-state pion with a pointlike component
will produce the hardest possible form factors; i.e., form factors which become constant at
large-Q2.
On the other hand, QCD-based studies produce soft pions, a valence-quark distribu-
tion amplitude for the pion that vanishes as ∼ (1 − x)2 for x ∼ 1, and results that agree
well with the bulk of existing data. We will return to this in the next section.
The analysis in Ref. [69] shows that the large-Q2 BaBar data is inconsistent with
QCD and also inconsistent with a vector current-current contact interaction. It supports
a conclusion that the large-Q2 data reported by BaBar is not a true representation of the
γ∗γ → π0 transition form factor, a perspective also developed elsewhere [160–163]. There
is experimental evidence in support of this view; namely, the γ∗ → ηγ and γ∗ → η′γ
transition form factors have also been measured by the BaBar Collaboration [164], at Q2 =
112GeV2, and in these cases the results from CLEO [156] and BaBar are fully consistent
with perturbative-QCD expectations.
VOL. 49 LEI CHANG, CRAIG D. ROBERTS, AND PETER C. TANDY 993
VIII. PION AND KAON VALENCE-QUARK DISTRIBUTIONS
The past forty years have seen a tremendous effort to deduce the parton distribution
functions (PDFs) of the most accessible hadrons – the proton, neutron and pion. There are
many reasons for this long sustained and thriving interest [9] but in large part it is moti-
vated by the suspected process-independence of the usual parton distribution functions and
hence an ability to unify many hadronic processes through their computation. In connection
with uncovering the essence of the strong interaction, the behaviour of the valence-quark
distribution functions at large Bjorken-x is most relevant. Furthermore, an accurate deter-
mination of the behavior of distribution functions in the valence region is also important
to high-energy physics. Particle discovery experiments and Standard Model tests with col-
liders are only possible if the QCD background is completely understood. QCD evolution,
apparent in the so-called scaling violations by parton distribution functions, entails that
with increasing center-of-mass energy, the support at large-x in the distributions evolves to
small-x and thereby contributes materially to the collider background. Signficantly, in the
infinite momentum frame, Bjorken-x measures the fraction of a hadron’s four-momentum
carried by the struck parton and, e.g., the valence-quark distribution function, qv(x), mea-
sures the number-density of valence-quarks with momentum-fraction x. NB. The nucleon
PDFs are now fairly well determined for x . 0.8 but the pion and kaon PDFs remain poorly
known on the entire domain of x.
Owing to the dichotomous nature of Goldstone bosons, understanding the valence-
quark distribution functions in the pion and kaon is of great importance. Moreover, given
the large value of the ratio of s-to-u current-quark masses, a comparison between the pion
and kaon structure functions offers the chance to chart effects of explicit chiral symmetry
breaking on the structure of would-be Goldstone modes. There is also the prediction [152,
153] that a theory in which the quarks interact via 1/k2-vector-boson exchange will produce
valence-quark distribution functions for which
qv(x) ∝ (1− x)2+γ , x ∼> 0.85 , (99)
where γ ∼> 0 is an anomalous dimension that grows with increasing momentum transfer.
(See Sec.VI.B.3 of Ref. [9] for a detailed discussion.)
Experimental knowledge of the parton structure of the pion and kaon arises primarily
from pionic or kaonic Drell-Yan processes involving nucleons in heavy nuclei [145, 165–
168]. Theoretically, given that DCSB plays a crucial role in connection with pseudoscalar
mesons, one must employ an approach that realistically expresses this phenomenon. The
DSEs therefore provide a natural framework: studies of the pion and kaon exist and will
be reviewed here. The first [67] computed pion PDFs, using efficacious parametrisations
of both the Bethe-Salpeter amplitude and dressed-quark propagators [151, 169, 170]. The
second [71] employed direct, numerical DSE solutions in the computation of the pion and
kaon PDFs, adapting the approach employed in successful predictions of electromagnetic
form factors [59, 73, 74, 157]; and also studied the ratio uK(x)/upi(x) in order to elucidate
aspects of the influence of an hadronic environment.
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FIG. 14: Pion valence quark distribution function evolved to (5.2 GeV)2. Solid curve – full DSE
calculation [71]; dot-dashed curve – semi-phenomenological DSE-based calculation in Ref. [67]; filled
circles – experimental data from Ref. [168], at scale (4.05GeV)2; dashed curve – NLO reanalysis of
the experimental data [145]; and dot-dot-dashed curve – NLO reanalysis of experimental data with
inclusion of soft-gluon resummation [171]. (Adapted from Ref. [71].)
In rainbow-ladder truncation, one obtains the pion’s valence-quark distribution from
upi(x) = −1
2
∫
d4ℓ
(2π)4
trcd [Γpi(ℓ,−P )Su(ℓ) Γn(ℓ;x)Su(ℓ) Γpi(ℓ, P )Sd(ℓ− P )] , (100)
wherein the Bethe-Salpeter amplitudes and dressed-quark propagators are discussed above
and Γn(ℓ;x) is a generalization of the dressed-quark-photon vertex, describing a dressed-
quark scattering from a zero momentum photon. It satisfies a BSE (here with a rainbow-
ladder kernel) with the inhomogeneous term iγ · n δ(ℓ · n − xP · n). Here nµ is a light-like
vector satisfying n2 = 0. In choosing rainbow-ladder truncation one implements a precise
parallel to the symmetry-preserving treatment of the pion charge form factor at Q2 = 0,
wherein the vector current is conserved by use of ladder dynamics at all three vertices and
rainbow dynamics for all three quark propagators [66, 73, 74, 151]. Equation (100) ensures
automatically that
〈x0f 〉 :=
∫ 1
0
dx qvf (x) = 1 for f = u, d¯ , (101)
since
∫
dxΓn(ℓ;x) gives the Ward-identity vertex and the Bethe-Salpeter amplitudes are
canonically normalised.
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Figure 14 displays the DSE results for the pion’s valence u-quark distribution, evolved
from a resolving scale Q20 = (0.6GeV)
2 to Q2 = (5.2 GeV)2 using leading-order evolution,
and a comparison with πN Drell-Yan data [168] at a scale Q2 ∼ (4.05 GeV)2, inferred via
a leading-order analysis. The computation’s resolving scale, Q0, was fixed by matching the
〈xn〉pi moments for n = 1, 2, 3 to an experimental analysis at (2GeV)2 [172].
It is notable that at Q0 the DSE results yield
2 〈x〉piQ0 = 0.7 , 2 〈x〉KQ0 = 0.8 . (102)
(For comparison, the parametrised valence-like pion parton distributions of Ref. [173] yield
a gluon momentum fraction of 〈xg〉piQ0=0.51 = 0.3.) In each case the remainder of the
hadron’s momentum is carried by gluons, which effect binding of the meson bound state
and are invisible to the electromagnetic probe. Some fraction of the hadron’s momentum
is carried by gluons at all resolving scales unless the hadron is a point particle [9]. In-
deed, it is a simple algebraic exercise to demonstrate that the only non-increasing, convex
function which can produce 〈x0〉 = 1 and 〈x〉 = 12 , is the distribution u(x) = 1, which is
uniquely connected with a pointlike meson; viz., a meson whose Bethe-Salpeter amplitude
is momentum-independent. Thus Eqs. (102) are an essential consequence of momentum
conservation.
Whilst the DSE results in Fig. 14 are both consistent with Eq. (99); i.e., they produce
algebraically the precise behaviour predicted by perturbative QCD, on the valence-quark
domain it is evident that they disagree markedly with the Drell-Yan data reported in
Ref. [168]. This tension was long seen as a crucial mystery for a QCD description of the
lightest and subtlest hadron [9]. Its re-emergence with Ref. [67] motivated a NLO reanalysis
of the Drell-Yan data [145], the result of which is also displayed in Fig. 14. At NLO the
extracted PDF is softer at high-x but the discrepancy nevertheless remains. To be precise,
Ref. [145] determined a high-x exponent of β ≃ 1.5 whereas the exponents produced by the
DSE studies [67, 71] are, respectively, 2.1 and 2.4 at the common model scale. They do not
allow much room for a harder PDF at high-x.
Following the highlighting of this discrepancy in Ref. [9], a resolution of the conflict
between data and well-constrained theory was proposed. In Ref. [171] a long-overlooked
effect was incorporated; namely, “soft-gluon resummation.” With the inclusion of this
next-to-leading-logarithmic threshold resummation effect in the calculation of the Drell-
Yan cross section, a considerably softer valence-quark distribution was obtained at high-x.
This is readily understood. The Drell-Yan cross-section factorises into two pieces: one
hard and the other soft. The soft piece involves the PDF and the hard piece is calculable
in perturbation theory. Adding additional interactions to the latter, which are important
at large-x; viz., soft gluons, provides greater strength in the hard piece on the valence-
quark domain. Hence a description of the data is obtained with a softer PDF. Indeed, the
distribution obtained thereby matches precisely the expectations based on perturbative-
QCD and obtained using DSEs. This is evident in a comparison between the dash-dot and
dash-dot-dot curves in Fig. 14.
The ratio uK/upi measures the effect of the local hadronic environment. In the kaon,
the u-quark is bound with a heavier partner than in the pion and this should cause uK(x)
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FIG. 15: DSE prediction for the ratio of u-quark distributions in the kaon and pion [9, 71]. The
full Bethe-Salpeter amplitude produces the solid curve; a reduced BSE vertex produces the dashed
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and axial vector Dirac matrices, and ignores dependence on the variable q · P . These are part of
the reductions that occur in a pointlike treatment of pseudoscalar mesons. The experimental data
is from [165, 166]. (Adapted from Ref. [71].)
to peak at lower-x than upi(x). The DSE prediction [9, 71] is shown in Fig. 15 along with
available Drell-Yan data [165, 166]. The parameter-free DSE result agrees well with the
data. We note that
uK(0)
upi(0)
DGLAP:Q2→∞→ 1 ; (103)
viz, the ratio approaches one under evolution to larger resolving scales owing to the increas-
ingly large population of sea-quarks produced thereby [174]. On the other hand, the value
at x = 1 is a fixed-point under evolution:
∀Q21 > Q20,
uK(1)
upi(1)
∣∣∣∣
Q2
1
DGLAP:Q2
0
→Q2
1=
uK(1)
upi(1)
∣∣∣∣
Q2
0
=
uK(1)
upi(1)
∣∣∣∣
Q2
0
(104)
i.e., it is the same at every value of the resolving scale Q2, and is therefore a persistent
probe of nonperturbative dynamics [9].
With Ref. [71] a significant milestone was achieved; viz., unification of the computa-
tion of distribution functions that arise in analyses of deep inelastic scattering with that
of numerous other properties of pseudoscalar mesons, including meson-meson scattering
[175, 176] and the successful prediction of electromagnetic elastic and transition form fac-
tors. The results confirm the large-x behavior of distribution functions predicted by the
QCD parton model; provide a good account of the π-N Drell-Yan data for upi(x); and a
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parameter-free prediction for the ratio uK(x)/upi(x) that agrees with extant data, showing
a strong environment-dependence of the u-quark distribution. The new Drell-Yan exper-
iment running at FNAL is capable of validating this comparison, as is the COMPASS II
experiment at CERN. Such an experiment should be done so that complete understanding
of QCD’s Goldstone modes can be claimed.
IX. BARYON PROPERTIES
While a symmetry-preserving description of mesons is essential, it is only part of
the physics that nonperturbative QCD must describe because Nature also presents us with
baryons: light-quarks in three-particle composites. An explanation of the spectrum of
baryons and the nature of interactions between them is basic to understanding the Standard
Model. The present and planned experimental programmes at JLab, and other facilities
worldwide, are critical elements in this effort.
No approach to QCD is comprehensive if it cannot provide a unified explanation of
both mesons and baryons. We have explained that DCSB is a keystone of the Standard
Model, which is evident in the momentum-dependence of the dressed-quark mass function
– Fig. 1: it is just as important to baryons as it is to mesons. The DSEs furnish the only
extant framework that can simultaneously connect both meson and baryon observables with
this basic feature of QCD, having provided, e.g., a direct correlation of meson and baryon
properties via a single interaction kernel, which preserves QCD’s one-loop renormalisation
group behaviour and can systematically be improved [140, 177–179].
In quantum field theory a baryon appears as a pole in a six-point quark Green func-
tion. The residue is proportional to the baryon’s Faddeev amplitude, which is obtained from
a Poincare´ covariant Faddeev equation that sums all possible exchanges and interactions
that can take place between three dressed-quarks. A tractable Faddeev equation for baryons
[180] is founded on the observation that an interaction which describes colour-singlet mesons
also generates nonpointlike quark-quark (diquark) correlations in the colour-3¯ (antitriplet)
channel [181]. The dominant correlations for ground state octet and decuplet baryons are
scalar (0+) and axial-vector (1+) diquarks because, for example, the associated mass-scales
are smaller than the baryons’ masses [109, 182] and their parity matches that of these
baryons. It follows that only they need be retained in approximating the quark-quark
scattering matrix which appears as part of the Faddeev equation [29, 138, 177].
We note that diquarks do not appear in the strong interaction spectrum [57, 107, 108]
but the attraction between quarks in this channel justifies a picture of baryons in which
two quarks within a baryon are always correlated as a colour-3¯ diquark pseudoparticle, and
binding is effected by the iterated exchange of roles between the bystander and diquark-
participant quarks. Here it is important to emphasise strongly that QCD supports non-
pointlike diquark correlations [70, 183]. Hence models that employ pointlike diquark degrees
of freedom have little connection with QCD.
Numerous properties of the nucleon have recently been described using the Faddeev
equation just outlined, e.g.: a survey of the form factors [29], with additional results expli-
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cated in Refs. [38, 137, 184–188]; indications of the role of quark orbital angular momentum
in forming the nucleon’s spin [32]; and computation of the nucleon’s σ-term [15]. This
body of work will be reviewed elsewhere. However, much more can and should be done, as
described, for example, in Sec. III of Ref. [189]; and Ref. [138] is a first step.
It is expected that feedback between DSE results and extant and forthcoming preci-
sion data on nucleon elastic and transition form factors can serve as a practical means by
which to empirically chart the momentum evolution of the dressed-quark mass function,
and therefrom the infrared behavior of QCD’s β-function. In particular, it should enable
the unambiguous location of the transition boundary between the constituent- and current-
quark domains, signalled by the sharp drop with increasing momentum that is apparent in
Fig. 1, which can likely be related to an infrared inflexion point in QCD’s running coupling,
whose properties are determined by the β-function.
X. EPILOGUE
Dynamical chiral symmetry breaking (DCSB) is a fact in QCD. It is manifest in
dressed-propagators and vertices, and, amongst other things, it is responsible for: the
transformation of the light current-quarks in QCD’s Lagrangian into heavy constituent-like
quark’s, in terms of which order was first brought to the hadron spectrum; the unnatu-
rally small values of the masses of light-quark pseudoscalar mesons; the unnaturally strong
coupling of pseudoscalar mesons to light-quarks – gpiq¯q ≈ 4.3; and the unnaturally strong
coupling of pseudoscalar mesons to the lightest baryons – gpiN¯N ≈ 12.8 ≈ 3gpiq¯q.
Herein we have used a diverse range of phenomena to illustrate the dramatic impact
that DCSB has upon meson observables, amongst them: the spectrum; form factors; and
parton distribution functions. Unavoidably, many valuable contributions during the last
few years were overlooked, some of which may be pursued through Refs. [190, 191]. We
have also completely neglected an extensive body of work that focuses on elucidating the
nature of the primordial state of matter that has been recreated with RHIC: Refs. [25–
27, 191, 192] serve as a starting point for exploring this area of DSE research. (As noted in
Ref. [195], the rainbow truncation of QCD’s gap equation excludes what in a point-meson
field theory would appear as 1/Nc-suppressed meson-loop dressing of the quark propagator,
and this is why chiral symmetry restoration is a mean field transition in all models within
the rainbow-truncation class [196]. Such meson-loop corrections are capable of correcting
the critical exponents; i.e., of introducing that infrared divergence in the dressed-quark self-
energy which can force a deviation from mean field critical exponents in the chiral symmetry
restoring transition. This is illustrated in Ref. [197].) In addition, there are attempts to
derive an equation of state that may be used in modern astrophysics in order, e.g., to assist
in the identification of a neutron star with a quark-matter core [193, 194].
A “smoking gun” for DCSB is the behaviour of the dressed-quark mass function.
The momentum dependence manifest in Fig. 1 is an essentially quantum field theoretical
effect. Exposing and elucidating its consequences therefore requires a nonperturbative and
symmetry-preserving approach, where the latter means preserving Poincare´ covariance, chi-
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ral and electromagnetic current-conservation, etc. The Dyson-Schwinger equations (DSEs)
provide such a framework. Experimental and theoretical studies are underway that will
identify observable signals of M(p2) and thereby confirm and explain the mechanism re-
sponsible for the vast bulk of visible mass in the Universe.
There are many reasons why this is an exciting time in hadron physics. We have
focused on one. Namely, through the DSEs, we are positioned to unify phenomena as
apparently diverse as: the hadron spectrum; hadron elastic and transition form factors,
from small- to large-Q2; and parton distribution functions. The key is an understanding
of both the fundamental origin of nuclear mass and the far-reaching consequences of the
mechanism responsible; namely, DCSB. These things might lead us to an explanation of
confinement, the phenomenon that makes nonperturbative QCD the most interesting piece
of the Standard Model.
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